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Abstract 
Two separate problems are to be investigated in this thesis. The first prob-
lem is the propagation of waves through a short rod (or slug) of viscoelastic 
material. The second problem is the study of impact of a short viscoelastic 
rod (or slug) on a stationary semi-infinite viscoelastic. rod. The viscoelas-
tic materials are modelled as standard linear solids which involve 3 material 
parameters and the motion is treated. as one-dimensional. 
For the first study, a viscoelastic slug is placed between two semi-infinite 
elastic rods and a wave initiated in the first rod is transmitted through the 
slug into the second rod. The objective is to relate the transmitted signal 
to the material parameters of the slug. We solve the governing system of 
partial differential equations using the Laplace transform and we examine the 
propagating velocity discontinuity using discontinuity analysis and the limit 
theorem of the Laplace transform. We then approximate the solution of the 
propagating disturbance using the regular perturbation method. We invert 
the Laplace transformed solution numerically to obtain the transmitted signal 
for several viscosity time constants and ratios of acoustic impedances. We 
compare the results obtained using the above techniques. 
In the second problem, we first model the impact and solve the gov-
erning system of partial differential equations in the Laplace transform do-
main. Then we examine the propagating stress and velocity discontinuities 
using discontinuity analysis. We approximate the solutions of the propagat-
ing stress and velocity using the regular and multiple scales perturbation 
methods. In this problem, we first consider the slug is elastic and the rod is 
viscoelastic. Secondly, we consider the slug is viscoelastic and the rod is elas-
tic and thirdly, we consider both materials are viscoelastic. Numerically we 
invert the Laplace transformed solutions for the interface stress and interface 
velocity for several viscosity time constants and ratios of acoustic impedances 
to determine whether the slug and the rod part company or remain in con-
tact. Then we compare the results obtained using the discontinuity analysis, 
regular and multiple scales perturbation methods. 
Keywords 
moving surface, wave propagation, impact, interface stress discontinuity, in-
terface velocity discontinuity, ratio of acoustic impedances, effective ratio of 
acoustic impedances, viscosity time constants 
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Chapter 1 
Introd uction 
There are materials for which a suddenly applied and maintained state of 
uniform stress induces an instantaneous deformation followed by a flow pro-
cess which mayor may not be limited in magnitude as time grows [I).These 
materials are said to exhibit both an instantaneous elasticity effect and a 
creep characteristic. This behaviour clearly can not be described by either 
elasticity or viscosity theories alone as it combines features of each and is 
called viscoelastic. Viscoelasticity is a generalization of elasticity and vis-
cosity. The ideal linear elastic element is the spring whilst the ideal linear 
viscous element is the dashpot. Energy is stored in springs as elastic strain 
energy and energy is dissipated in a dashpot as heat [2). Viscoelasticity is 
of interest in material science, metallurgy and solid state physics since it 
is causally linked to a variety of micro physical processes and can be used 
as an experimental probe of those processes. On the other hand, the me-
chanical behaviour of materials at high rates of loading is of interest to the 
engineer, who wishes to use the materials under conditions where they may 
have to withstand sudden impact and requires to know how their mechanical 
properties depend on the rate at which stresses are applied. 
This thesis deals with two separate problems which are 
• The transmission of waves through a viscoelastic material which is mod-
elled by a small rod (slug) of the material placed between two semi-
infinite elastic rods . 
• The impact of two viscoelastic bodies which is modelled by a moving 
slug impacting a stationary rod. 
The purpose of the study in the first problem is to determine the properties 
of the viscoelastic slug after a wave initiated in the first semi-infinite elastic 
rod is transmitted through the viscoelastic slug into the second semi-infinite 
.13 
elastic rod. The objective of the study in the second problem is to determine 
whether the slug and the rod part company or remain in contact after the 
impact. 
1.1 The Wave Propagation in Viscoelastic Ma-
terial 
There are three different types of vibration which occur in thin rods or bars 
namely longitudinal, torsional and lateral. In longitudinal vibrations, ele-
ments of the rod extend and contract whereas in torsional vibrations, each 
transverse section of the rod remains in its own plane and rotates about its 
centre, the axis of the rod remaining undisturbed. Lateral vibrations refer to 
the flexure of portions of the rod, elements of the central axis moving later-
ally during the motion [3]. The velocities of propagation of all these elastic 
waves depend, amongst other factors, on the elastic constants and density 
of the solid, so that the dynamic elastic constants can be determined from 
the velocity of propagation [3]. When the solid is not perfectly elastic then 
some of the energy of the stress wave is dissipated as it goes through the 
medium, so the strength of the stress wave attenuates as it travels through 
the medium. In this thesis, we consider each plane cross-section of the rod 
to remain plane during the motion and the stress over it to be uniform, so 
that the motion is longitudinal and one-dimensional. 
H. Kolsky, has investigated the mechanical properties of materials at very 
high rates of loading [4]. He showed that three types of mechanical behaviour 
may occur when materials are submitted to rapidly changing stresses. Firstly, 
polythene and rubber only begin to recover after the stress has fallen back 
to zero, but the recovery is complete and no permanent deformation can be 
observed after the experiments. Secondly, polymethyl-methacrylate shows a 
hysteresis loop at high rates of loading, but with this material a consider-
able fraction of the strain disappears within a few microseconds of the stress 
passing its maximum and no permanent deformation exists after the experi-
ments. Thirdly, copper and lead were permanently deformed and showed no 
recovery either immediately the stress began to fall or subsequently. 
In the first problem considered in this thesis, we investigate the behaviours 
of the 10ngitudin81 waves after the waves are transmitted through a finite 
length viscoelastic slug. We model the viscoelastic material as a standard 
linear solid. We model the system where a finite length viscoelastic slug is 
placed between two semi-infinite elastic rods as an idealization of the exper-
imental work described by Kolsky [4]. 
14 
Many dynamical system are so complex that analytical solutions cannot 
be found and numerical solution is the only answer. Here, we numerically 
compute the waves transmitted through the ,slug into the second semi-infinite 
elastic rod. Results are obtained for several viscosity time constants and 
several ratios of acoustic impedances. 
In addition we predict the velocity discontinuities using both discontinuity 
analysis and the limit theorem of the Laplace transform. We also investigate 
the behaviour of the waves using the perturbation technique. Whilst solving 
for the viscoelastic discontinuities, we also solve the same problem for an 
elastic slug in Appendix C. Finally in the wave propagation problem, we 
make comparison between the numerical results and the predictions. 
1.2 The Viscoelastic Impact 
In general there are four types of analysis for low speed collisions, associated 
with particle impact, rigid body impact, transverse impact on flexible bodies 
(Le. transverse wave propagation or vibrations) and axial impact on flexible 
bodies (Le. longitudinal wave propagation) [5]. We are interested in the 
latter impact where it generates longitudinal waves which affects the dynamic 
analysis of the bodies. The unifying characteristic of waves is propagation of 
disturbances through a medium. The properties of the medium that affect the 
waves and determine the speeds of propagation are the density p and moduli 
of deformability (Young's modulus E, shear modulus G, bulk modulus K, 
etc.) [5]. 
In the second part of the thesis, we investigate the stress and velocity 
at the interface after a moving slug impacts a stationary semi-infinite rod. 
If the stress at the interface becomes tensile and the velocity changes its 
sign, then the slug and the rod part company. If the stress at the interface is 
compressive after the impact, then the slug and the rod remain in contact. In 
the elastic impact considered by R.P. Menday [15], the stress becomes tensile 
if the ratio of acoustic impedances z < 1 and the stress becomes compressive 
if the ratio of acoustic impedances z > 1 when the wave set up in the slug by 
the impact has returned to the slug/rod interface. In this viscoelastic impact 
we investigate how the viscosity time constants in the slug and in the rod 
give rise to different interface stresses and interface velocities following wave 
transmission in the slug. 
We model the impact by having a finite length slug, moving with speed 
V, impacting a stationary semi-infinite rod and we solve the problem in the 
Laplace transform domain for the general case of viscoelastic slug and rod. 
In deriving the numerical solution, we firstly consider the slug is elastic and 
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the rod is viscoelastic. Secondly, we consider the slug is viscoelastic and 
the rod is elastic and lastly, we consider both materials are viscoelastic. We 
then numerically compute the interface stress and interface velocity using the 
complex inversion formula with respect to various viscosity time constants 
in the slug and in the rod, and several ratios of acoustic impedances. 
In this case, we also predict the interface stress and interface velocity 
discontinui ties using viscoelastic discontinuity analysis. It will be interesting 
to look at the wave in the slug because sometimes the slug is elastic and 
the rod is viscoelastic and sometimes vice-versa. We also employ the pertur-
bation technique to investigate the behaviour of the wave when the slug is 
viscoelastic and the rod is elastic in chapter 8. In this problem, we consider 
the initial interface stress and initial interface velocity based on long time 
and short 'time effective ratios of acoustic impedances (see . Appendix D). 
Using the elastic impact in Appendix I, we predict the interface stress and 
interface velocity discontinuities when the wave reaches the interface for the 
second time. Note that when the slug is elastic, there is no attenuation factor 
in the solution of the interface stress and interface velocity discontinuities. 
Significantly, in this viscoelastic impact, the attenuation factor depends on 
the viscosity time constants of the slug and the rod. So the amplitude of the 
stress wave varies as time increases. 
Finally, we make comparisons between the prediction and the numerical 
results. In the initial interface stress and initial interface velocity disconti-
nuities, we expect the actual results to be closer to the prediction based on 
short time effective ratios of acoustic impedances when the viscosity time 
constants are large and the actual results are closer to the prediction based 
on long time effective ratios of acoustic impedances when the viscosity time 
constants are small. This can be explained by the creep and relaxation tests 
in Appendix A and will be elaborated thoroughly in chapters 4, 7, 8 and 9. 
1.3 Outline of Thesis 
In chapter 2, we develop the model of the first problem and define several 
non-dimensioJlal quantities. We then Laplace transform the equations and 
solve for the additional displacements in the slug and in the red. We cem-
plete the chapter by intreducing the techniques that will be used te invert 
the transfermed equatiens. In chapter 3, we discuss the dynamical and kine-
matical cenditien .of cempatibility and the impulse mementum relation .of 
the wavefront. We then predict the interface velecity discontinuity and the 
interfaCe velecity jump when the wave reaches the second interface for the 
secend time using the visceelastic discentinuity analysis. We cemplete the 
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chapter by applying the perturbation technique to the problem. In chapter 
4, we apply the complex inversion formula to derive numerical results of the 
transformed equations discussed in chapter 2. This completes the first part 
of the thesis. 
The second problem is considered in chapter 5, where we define the im-
pact problem and develop the impact model. We then Laplace transform the 
equations and solve for the additional displacement of the slug and the rod 
in the Laplace domain. In chapter 6, we use the same techniques discussed 
in chapter 3 to predict the initial interface stress, initial interface velocity 
and interface stress and interface velocity jumps after the wave reaches the 
interface for the second time in the case of a viscoelastic slug impacting a 
viscoelastic rod. We complete chapter 6 by applying regular and multiple 
scales perturbation techniques to the problem of a viscoelastic slug impact-
ing an elastic rod and plot some perturbation results for selected viscosity 
time constants. In chapter 7, we consider the slug is elastic and the rod is 
viscoelastic whereas in chapter 8, we consider the slug is viscoelastic and the 
rod is elastic. Lastly in chapter 9, we consider both materials are viscoelastic. 
In chapter 7, 8, and 9, we apply the complex inversion formula to numeri-
cally evaluate the transformed equations and make comparison between the 
numerical results which are produced by the simulations and the predicted 
one which are obtained by analytical work in chapter 6. Finally, in chapter 
10, we conclude the thesis. 
17. 
Chapter 2 
Mathematical Model of Wave 
Propagation in Viscoelastic 
Material 
2.1 Introduction 
In this chapter, we investigate the dynamic behaviour of a viscoelastic slug 
which is placed between two semi infinite elastic rods as shown in figure 
(2.1). A velocity discontinuity wave is initiated in the first rod and propagates 
through the viscoelastic slug moving into the second semi-infinite elastic rod. 
There are multiple reflections and transmissions of waves in the the viscoelas-
tic slug. When the waves arrive at the interface between the first rod and the 
slug, some of the waves are transmitted and some of them are reflected. The 
same situation happens when the waves reach the second interface between 
the slug and the second rod. We first obtain the governing equations and 
non-dimensionalize them. Secondly, we state the associated boundary condi-
tions and non-dimensionalize them. We then solve the differential equations 
with prescribed boundary conditions in the Laplace transform domain. 
2.2 Governing Equations 
Let it be the additional displacement in the first rod, and v and ill be the 
displacements in the slug and in the second rod following the wave propa-
gation respectively, where the v notation indicates dimensional variables. Let 
0'. be the stress in the slug, and 0'" and aw be the stress in the first rod and 
in the ~econd rod respectively, E and E be the Young's modulus in the slug 
and in the rods respectively, p and p be the density in the slug and the rods 
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Semi-infmite 
elastic rod 
.. .. 
Viscoelastic slug 
x~ 1 
Semi-infinite 
elastic rod 
Figure 2.1: Detail of the position and the wave movements of the rods and 
the slug. 
respectively. We choose the origin of coordinates at the centre of the first 
interface and axis OX along the axis of the slug and we assume the wave 
reaches the viscoelastic slug at time t = O. When the wave, initiated in the 
first rod with a constant velocity discontinuity V, reaches the slug at time 
t = 0 and at X = 0, we can write the position at time t of the cross-section 
of the first rod which was at location X at time t = 0 as 
"" " (" X) (" X) "" x(X,t)=X+V t---;; H t---;; +u(X,t), for X:S;O, (2.1) 
where H(t) is the Heaviside function and V is a constant. 
At time t, the cross-section of the slug which was at location X at time t = 0 
is x(x,f.) given by 
x(X, t) = X + v(X, t) for 0::; X ::; hs (2.2) 
where h, is the length of the slug. We write the position at time t of the 
cross-section of the second rod which was at location X at time t = 0 as 
x(X, t) = X + w(X, t) for X 2: hs . (2.3) 
Figure (2.2) depicts a representation of the stress distribution in the rod 
or in the slug. The stress in the body is denoted by 6(X, t) and at the cross-
section X, the cross-sectional area is A. We focus on a small section of length 
8X in the body. Then, considering the external forces in this section [3], 
(6+ :~8X)A-6A 
86 
8X 
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(2.4) 
-----------------
6A 
Figure 2.2: Stress distribution in slug/rod 
Then the equation of motion in the first rod is 
orfu 02U 
oX = p &£2' 
the equation of motion in the slug is 
orfv _02'U 
oX = P &£2 
and the equation of motion in the second rod is 
orfw 02iJ; 
--p-
oX - Oi2 
(2.5) 
(2.6) 
(2.7) 
We model the slug as a standard linear solid so that the constitutive equation 
in the slug is 
v ~orfv _ E- ( 0'U ~ 02'U ) 
(7v + fJ. ~ - v + 1] v V 
u" oX [)toX (2.8) 
where ij > li. 
The derivation of the equation (2.8) is given in Appendix A. li and ij are 
material constants with dimension of time. The stress-strain relations in the 
rods are 
(2.9) 
(2.10) 
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We now define the non-dimensional quantities x, X, t, u, v, w, au, av, aw , P" fi 
by the non-dimensionalising scheme below, 
where 
X =h.X, 
v V h U = - sU, 
C 
2 E 
c=-
p 
v V h v = -=- sV, 
C 
and 
v h. 
t= -t, 
c 
v V h W= - sW, 
C 
-2 E 
c =-. p 
(2.11) 
(2.12) 
If we now use (2.11) to non-dimensionalize equations (2.1), (2.2) and (2.3), 
the non-dimensional displacements x, are given by 
where 
v V 
x = X + -et - X)H(t - X) + -u(X, t), X < 0 
c c 
V 
x = X + -av(X, t), 0 ::::: X ::::: 1 
c 
V 
x = X + -w(X, t), X > 1 
c 
c 
a=-
C 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
We then non-dimensionalize (2.5 - 2.10), to obtain the non-dimensional equa-
tions of motion and stress-strain relations 
8an V 82u 
8X = -;; &t2 
_ .. 21 
(2.17) 
(2.18) 
(2.19) 
(2.20) 
V (au ) au=~ aX-H(t-X) (2.21) 
(2.22) 
2.3 General Solutions 
In order to solve for the displacements u, v and w of the waves propagating 
in the slug and in the two rods, we take Laplace transforms of the equations 
(2.17 - 2.22) with respect to t and solve the differential equations for the 
displacement transforms tt, 11 and w in the s domain. 
Taking the Laplace transform of the non-dimensionalized equations (2.18) 
and (2.20), after differentiating (2.20) with respect to X, gives 
where 
da;, 2V~2 
-=a -vs 
dX c 
/32(s) = 1 + a~s 
1 + aJls 
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(2.23) 
(2.24) 
(2.25) 
and the notation ~ indicates transformed variables. Equating (2.23) and 
(2.24) yields the differential equation below for v(x, s) 
-2 cf2v 2 2 f3 (s)- - a VS = 0 dX2 (2.26) 
Solving (2.26), we obtain the general solution for the displacement v(X, s) 
in the slug, 
~ (-asx) (asx) 
v(X, s) = b(s) exp f3(s) + d(s) exp {3(s) (2.27) 
For the general solution in the first elastic rod, we take the Laplace transform 
of (2.17) and, after differentiating (2.21) with respect to X and taking the 
Laplace transform we obtain 
cUi;; V ~ 2 
-=-us dX c (2.28) 
cUi;; V d2u 
---
-dX C dX2 (2.29) 
Equating equations (2.28) and (2.29) gives 
cf2u ~2 0 dX2 -us = (2.30) 
Solving (2.30), we obtain the general solution for the additional displacement 
in the first rod, 
u(X, s) = a(s)eBX + g(s)e-BX (2.31) 
From the equation (2.31), a(s)eBX is a backward propagating wave and 
g( s )e-BX is a forward propagating wave, and the initiated velocity disconti-
nuity wave is the only forward propagating wave in the first elastic rod. Thus 
the additional displacement U(X, s) in (2.31) becomes 
u(X, s) = a(s)eBX (2.32) 
Taking the Laplace transform of (2.13) and replacing the forward propagat-
ing wave by the initiated velocity discontinuity wave gives the total displace-
ment in the first rod, 
x-)(=- _e_ +a(s)eBX V ( -BX) . 
c S2 
(2.33) 
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Moreover, for the second elastic rod, we take the Laplace transform of (2.19) 
and differentiating (2.22) with respect to X, take the Laplace transform to 
give 
Equating equations 
d'ii;;, V ~ 2 
-=-ws 
dX c 
d'ii;;, V ~w 
dX = C dX2 
(2.34) and (2.35) gives 
d2~ ~_WS2=0 
dX2 
(2.34) 
(2.35) 
(2.36) 
Solving (2.36), we obtain the general solution for the displacement in the 
second rod, 
w(X, s) = f(s)e- SX + h(s)eSX (2.37) 
Since f(s)e- SX is a forward propagating wave and h(s)eSX is a backward 
propagating wave, and there is no incoming wave in the semi-infinite second 
elastic rod, the general solution for the displacement in the second rod is 
w(X, s) = f(s)e- Sx (2.38) 
2.4 Boundary Conditions 
In order to find a(s), b(s), d(s), and f(s) in (2.27), (2.33) and (2.38), we apply 
the boundary conditions described below. 
1. The particle velocity in the first rod is equal to the velocity in the slug at 
the interface, that is 
8u 8v 
H(t - X) + at = et at 
at X = O. Taking the Laplace transform of (2.39), we obtain 
e-
sX 
-- --
-- +su=etSV 
s 
at X = O. Substituting (2.33) and (2.27) into (2.40), we obtain 
1 
- + sa(s) = ets[b(s) + d(s)] 
s 
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(2.39) 
(2.40) 
(2.41) 
2. The stresses in the first rod and in the slug at X = 0 are equal and 
we have 
If we non-dimensionalize and take the Laplace transform of the above equa-
tion we have 
E [~ (:~ _ e-;X)] = E (~ :;~2(S)) 
at X = O. Using equations (2.33) and (2.27), (2.42) becomes 
z (-:2 + a(s)) = Q~(s)[-b(s) + d(s)] 
where 
E 
~=QZ 
E 
and pc Z=-. pc 
(2.42) 
(2.43) 
(2.44) 
3. When the wave in the slug reaches the other end of the slug at X = 1 and 
t = ~, the velocities in the slug and in the second rod are the same, that is 
vav V8w 
cat cat 
8v 8w 
Qat = at 
Taking the Laplace transform of (2.46) and simplifying, we obtain 
av = iiJ 
Substituting equations (2.27) and (2.37) into (2.47), we obtain 
Q (b(s)e - ~'(:)X + d(s)ep,(:)X) = f(s)e-SX 
at X = 1. Equation (2.48) can be rewritten as 
Q (b(s)e - P'(:) + d(s)e p,(:») = f(s)e- S 
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(2.45) 
(2.46) 
(2.47) 
(2.48) 
(2.49) 
4. The stress in the slug is the same as the stress in the second rod at 
X=I,thatis 
EO"v = Eaw 
Taking the Laplace transform of (2.50), we obtain 
EV Cv 1}2(s) = E V diU 
cdX cdX 
(2.50) 
(2.51) 
at X = 1. Substituting the derivatives of equations (2.27) and (2.37) with 
respect to X into (2.51) gives 
aE (-;:) b(s)e -Jil!jx + ,6~;) d(s)e~(:)X) ,62(S) = E (-s/(s)e-SX ) (2.52) 
At X = 1 equation (2.52) can be rewritten as 
a,6(s) ( _-""- -""-) 
-z- -b(s)e ~(.) +d(s)e~(') = -/(s)e-S (2.53) 
Equations (2.41), (2.43), (2.49) and (2.53) can now be solved for a(s), b(s), 
des) and /(s) to obtain 
d( ) _ 2z (,6(s) - z) (2.54) 
s - [ () 2 2] as2 exp J~) (f3(s) + z) - (,6(s) - z) 
2z (,6(s) + z) exp O(~) 
(2.55) b(s) = [ () 2 2] 
as2 exp ~(~ (,6(s) + z) - (f3(s) - z) 
/(s) = [ () 2 - 2] 
S2 exp ~(~ (f3(s) + z) - (f3(s) - z) 
4z,6(s)exp (s (P(s) + 1)) 
(2.56) 
2z (exp (~) (,6(s) + z) + ,6(s) - z) 1 
a(s) = [ () 2 2] 2 
S2 exp ~(~ (f3(s) + z) - (f3(s) - z) s 
(2.57) 
Equations (2.54 - 2.57) can be substituted in (2.27), (2.33) and (2.38) 
from which we obtain the total displacement in the first semi infinite elastic 
rod in the Laplace transform space as 
-sX 
x-X = ~+u(X,s) 
s 
(2.58) 
2 . 2zeSX(e~(,6(s)+z)+,6(s)-z) 
- -2" smh(sX) + [20. _ 2 _ 2] (2.59) 
s S2 e~(') (f3(s) + z) - (f3(s) ,..- z) . 
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the displacement v of the wave in the viscoelastic slug, 
~ 2z [exp (~(2 - X)) (j1(s) + z) + (t9(s) - z) exp (~)] 
v(X,s) = [2Q' 2 - 2] 
as2 eP(.) (;3(s) + z) - (;3(s) - z) 
(2.60) 
and the displacement iii of the wave in the second semi infinite el8litic rod, 
~ 4zt9(s)exp (s (ilfu + I-X)) 
w(X, s) = [ () 2 2] 
S2 exp J(~ (t9(s)+z) -(t9(s)-z) 
(2.61) 
In order to determine the response of the system, we need to invert the 
Laplace transforms of equations (2.59 - 2.61). To find the inverse Laplace 
transform, we apply the complex inversion formula [6) where 
1 1,+ioo F(t) = -. est f(s)ds, 
27ft ,-ioo t>o (2.62) 
if f(s) = L{F(t)}. In practice, the integral in (2.62) is evaluated by consid-
y 
D B 
y + LT 
E 
x 
y- LT 
F A 
Figure 2.3: The Bromwich contour. 
ering the contour integral 
2
1. 1 estf(s)ds 
7ft fe (2.63) 
where C is the contour of figure (2.3). This contour, sometimes called the 
Bromwich contour, is composed of the line AB and the arc BDEFA of 
a circle of radius R with centre at the origin O. If the arc BD E F A is 
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represented by r, it follows from (2.62) that since T = VR2 - '"(2, 
F(t) = 1 l'Y+iT lim -2 . est f(s)ds 
R-oo 7r'l i-iT ' 
lim [-21. J estf(s)ds--21.1estf(s)ds] R~oo 7rZ le 7rZ r (2.64) 
If f (s) has branch points, we need to modify the contour in order to make 
the function single-valued [7]. This will be elaborated in detail in chapter 4. 
Then we find the displacement in the second elastic semi-infinite rod for 
different values of viscosity parameters ij and {i., and for different ratios of 
acoustic impedances z. 
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a- o· 
v- f;. 
f- t+ 
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At time t 
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v- if+ 
f- t+ 
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At time t +bt 
Figure 3.1: The moving surface at time t and t + lit. 
these discontinuities travel without change in amplitude. This is not the case 
for viscoelastic materials and here we examine the behaviour of a moving 
discontinuity in a viscoelastic material. 
3.2.1 Moving Discontinuities III Stress and Velocity 
Assume there are discontinuities in jj, l and a- across the surface : = D, then 
if [f] denotes the discontinuity in j, we define r-j-=[f]· Let a-, jJ- and 
E denote stress, velocity and strain, respectively behind the moving surface 
D while a+, jJ+ and .,,-+ denote stress, velocity and strain, respectively ahead 
of the moving surface shown in figure (3.1). As the surface moves as shown 
in figure (3.1), we consider the change of momentum between the time t and 
t + lit where the velocity of the mass pAU li'i changes from v+ to v- to give 
the change as 
pAU W - jj+) lit. 
The change in momentum must equal the impulse of the net force [12] which 
gives 
(3.1) 
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Chapter 3 
Viscoelastic Discontinuity 
Analysis and Perturbation 
Solution for Wave Propagation 
3.1 Introduction 
In this chapter, we propose two techniques to predict the behaviour of the 
viscoelastic material discussed in chapter 2 and one technique to approximate 
the behaviour of the material. Firstly, we introduce the moving viscoelas-
tic discontinuity technique used by Achenbach, J.D. [8] who considered in 
detail the propagation of the wavefront and, dynamical and kinematical con-
dition at the wavefront. Using this technique, we look at the reflection and 
transmission of discontinuities in the stress and velocities at two interfaces 
at X = 0 and X = 1 at both ends of the viscoelastic slug shown in figures 
(3.3) and (3.4). After the velocity discontinuity wave initiated in the first 
elastic rod reaches the two interfaces, there are multiple reflections and trans-
missions of forward and backward propagating velocity and stress waves at 
both ends of the slug. Secondly, we apply the Limit theorem (Initial value 
theorem) [9] to predict the viscoelastic discontinuity jumps at the second 
interface at X = 1 from the Laplace transform solution. Finally, we use the 
perturbation technique to approximate the behaviour of the viscoelastic slug 
in the case of large fj and p. 
3.2 Viscoelastic Discontinuity 
The effect of the travelling wave is to set up discontinuities in stress and 
velocity moving in both rods and in the slug. In the case of elastic materials 
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We non-dimensionalise equation (3.1) and obtain, 
(-+ --) 2 V 0 (-- -+) (3.2) a -a - a - v-v 
c 
[a] V 
-0 - a 2-::-[v] (3.3) c 
Equation (3.3) is also known as impulse-momentum relation [8]. 
Consider a function f(x, t) which is continuous across the moving surface 
shown in the figure (3.2), but has discontinuity in derivative across the sur-
face. On the moving surface we have x = x(s) and t = t(s). Then on the 
surface f(x, t) = f(x(s), t(s)), since f is continuous, we must have that 
(3.4) 
Since 
df of dx of dt 
-=--+--ds ox ds at ds (3.5) 
equation (3.4) gives 
( or _ of-) dx + (or _ Of-) dt = 0 ox ox ds at at ds (3.6) 
or 
[Of] dx + [Of] dt = 0 ox ds at ds (3.7) 
The :,ector < :' ~; > is orthogonal to the normal to the curve G(x, t) = 
x - Ut = o. This normal is 
dG dG -
< dx' dt >=< 1, -U > 
So the orthogonality condition gives 
dx dt-
ds (1) + ds (-U) = 0 
and simplifying (3.9) we obtain 
dx = odt 
ds ds 
Substituting (3.10) into (3.7) we obtain 
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(3.8) 
(3.9) 
(3.10) 
(3.11) 
-I 
x 
ar ar 
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arar 
iJx' at 
Figure 3.2: Discontinuity on ¥. . 
Replacing f by u in the equation (3.11) gives 
_ [~] = [E] 
U 
(3.12) 
We consider the non-dimensional stress-strain relation for a viscoelastic ma-
terial, 
oa V ( oE) a + aj1. at = c E + afj at 
Integrating equation (3.13) across the surface gives 
[Ht (a+al~) dt _ ~ [Ht (Hafj:) dt 
V 
aot + aj1.(a+ - a-) - -=- (EOt + afj(t+ - r») 
c 
As Ot -> 0, we obtain 
V j1.[a] = -=-fj[E] 
c 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
Eliminating [a] and [E] in equations (3.3), (3.12) and (3.16) we obtain 
(3.17) 
which gives (J = ±~/f 
Thus the discontinuity moves with speed ±~ J¥ in our non-dimensional 
system. In dimensional terms, the speed of the discontinuity is 11ft which 
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agrees with the result of Morrison [H]. The magnitudes ofthe discontinuities 
are related by equations (3.3) and (3.12). To examine the variation of the 
discontinuity with time, we need to make use of the result that if there is a 
discontinuity in f then the discontinuities in the derivatives of f are related 
by the expressions 
[Of] = -0 [of] ~[f] &t oX + 8t (3.18) 
where It [f] denotes the rate of change of the discontinuity [f] as we move 
with the discontinuity surface. Equation (3.18) is known as the kinematical 
condition of compatibility by Achenbach,J.D [8]. He wrote a very thorough 
explanation about the wavefront and the derivation of the kinematical con-
dition of compatibility. Consider the non-dimensional equations 
oa 2 V Qv 
-=a--oX c &t 
OV ol 
- -
-oX &t 
where l = %J:: and v = ':;;. Taking the jumps in equations 
and (3.13) and using the result in (3.18), we obtain 
- = a - -U - + - v [oa] 2V [ - [ov] 8 []] oX c oX 8t 
[Qv] -[Ol] 8 oX = -U oX + 8t[l] 
(3.19) 
(3.20) 
(3.19), (3.20) 
(3.21) 
(3.22) 
(3.23) 
respectively. Using (3.3), (3.12), (3.21) and (3.22) to eliminate [a] and [l], 
we obtain 
a
2 [-O[v] + a{L02 [:x] -2a{L0 :t [v]] = - [~ + aij [:;] 
Further simplification, reduces equation (3.24) to 
8 _ 
-[v] 8t 2~{L (0;a2 - 1) [v] 
- 2~ G -~) [v] 
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(3.24) 
(3.25) 
Equation (3.25) integrates to give the variations of the jump in [vI as we 
move with the front, in the form 
[vI = [vIa exp (Jl __ ~ t) 
2(1)j.I. 
(3.26) 
where [vIa is the value of the jump at time t = 0 and [vI is exponentially 
decay as fi > Jl. It follows from equations (3.3) and (3.12) that 
[El = [Elo exp G~; t) (3.27) 
and 
[171 = [1710 exp (~a~; t) (3.28) 
We now apply the results to the wave propagation problem. At X = 0, 
the velocity and the stress in the first rod are equal to the velocity and the 
stress in the slug, this in non-dimensional form gives, 
l+v - av 
az (-~ + a) - 17 
(3.29) 
(3.30) 
When the wave in the first semi infinite elastic rod reaches the interface 
of the viscoelastic slug, we will have a discontinuity in velocity in both slug 
and rod and a discontinuity in stress. From equations (3.29) and (3.30), 
these are given by 
1 + [vIa - a[vlo 
az (-~ + [aulo) - [avlo 
(3.31) 
(3.32) 
[vIa and [aulo are the backward propagating velocity and stress discontinu-
ity waves in the first rod respectively and [vIa and [avlo are the forward 
propagating velocity and stress discontinuity waves in the slug, respectively. 
There will be a discontinuity in the rod along : = -U and in the slug along 
: = U. From the results in equation (3.3), we obtain 
[aulo UV - -[vIa 
c 
(3.33) 
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Figure 3.3: Jump velocity discontinuities in the slug and rods. 
[0.]" [0.]" ... 
.. [0.]" [0.], 
Figure 3.4: Jump stress discontinuities in the slug and rods. 
[ 1 2UV av 0 = -a -_- [vlo 
c 
where U = 1 since the rod is elastic and U = ~/¥.. 
We now substitute (3.31) and (3.32) into (3.34) to obtain 
O'z ( - ~ + [aulo) = _O'2U; C +;vlo) 
(3.34) 
(3.35) 
and furthermore, we substitute (3.33) into (3.35) and simplify to obtain 
[ 1 - z - O'U Vo- z+O'U (3.36) 
Equation (3.31) gives the forward propagating velocity discontinuity wave in 
the slug, 
2z 
[V]o = O'(O'U + z) (3.37) 
at X = O. The wave will travel in the viscoelastic slug subjected to the 
variations of jump in [v] as we move with the front in the form of equation 
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(3.26). When the wave reaches the second interface at X = 1 and t = a/#, 
it sets up a wave travelling forward in the rod, and a reflected wave travelling 
backward in the slug. A portion of the wave is transmitted into the second 
rod and another portion of the wave is reflected into the slug. At X = 1 
and t = a/#, the velocities in the slug and in the rod are equal, so that in 
non-dimensional form, 
a ([vJo + [vh) = h<1o (3.38) 
where [1<10 is the forward propagating velocity discontinuity wave in the sec-
ond rod and [vh is the backward propagating velocity discontinuity wave in 
the slug. Using the variations of jump in [vJ, we obtain the jump arriving at 
X = 1 and at time t = a /# to be 
[vJo = a(a~Z+ z) exp ( . 2~~) . (3.39) 
Equation (3.38) becomes 
( 2z (fi - jl ) ) a a(aU + z) exp - 2fi"fi'ill + [vh = h<1o (3.40) 
The second boundary condition is that the stress in the viscoelastic slug 
is equal to the stress in the second semi-infinite elastic rod at X = 1. In 
non-dimensional form this is 
(3.41 ) 
where [CTwJo is the forward propagating stress discontinuity wave in the second 
rod and [CTvJo is the backward propagating stress discontinuity in the slug. 
Using equation (3.34), (3.41) becomes 
_a
2U
: (a(a~z+ z) exp ( - 2~~)) + [uvh = az[uwJo 
From (3.3), when ~ = -U, we obtain 
UV [CTwJo = --h:,Jo 
c 
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(3.42) 
(3.43) 
(3.44) 
Substituting (3.43) and (3.44) into (3.42) gives 
2 UV (2Z (fj - p. )) 2 UV _ UV 
-a -_- (U ) exp 2.,fiffi + a -_-[vh = -az-" -[:!ilo 
c a a + Z TJ TJJ1. C C (3.45) 
Using equation (3.40) then gives 
_ [:!l]o 2z (fj - p. ) 
[vh = a - a(aU + z) exp 2TJ.,fiffi (3.46) 
and 
4aUz (fj - p. ) 
l1<]o = (aU + Z)2 exp - 2fj.,fiffi (3.47) 
at X = 1 and t = a~. Substituting equation (3.46) into (3.45) gives the 
forward propagating velocity discontinuity wave in the second rod at X = 1 
when t=a~, 
[:!l]o - 4j¥.z (fj_p.) exp (j¥. + z)2 2TJ.,fiffi (3.48) 
4z* (fj-p.) (3.49) - exp -(1 + Z*)2 2TJ.,fiffi 
where z* = z~ is the effective ratio of acoustic impedances and the deriva-
tion of z* is provided in Appendix D. Table (3.1) shows numerical values of 
[:!l]o for several viscosity parameters and ratios of acoustic impedances. 
In appendix C, we have solved the same problem as in chapters 2 and 3 
but with an elastic slug. We obtain that the first jump at X = 1 in the 
second rod is 4z* 
f:"o(t) = (1 + Z*)2 (3.50) 
This shows that the wave travelling in the elastic slug propagates without 
change in amplitude, whilst the wave travelling in the viscoelastic slug has a 
change in amplitude. Both equations (3.49) and (3.50) show that the jumps 
measured at X = 1 in the second rod are less than the velocity disconti-
nuity V initiated in the first rod for any value of the ratio of the acoustic 
impedances, z*. 
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z 'T/ JL z* FJVD Z 'T/ JL z* FJVD 
0.333 0.2 0.1 0.235 0.1053 0.333 0.5 0.1 0.149 0.0754 
0.667 0.472 0.1487 0.667 0.298 0.1183 
0.9 0.636 0.1623 0.9 0.402 0.1368 
1.2 0.849 0.1696 1.2 0.537 0.1520 
1.5 1.061 0.1706 2.5 1.118 0.1666 
2.0 1.414 0.1657 3.0 1.342 0.1636 
0.333 2 1 0.235 0.5171 0.333 5 1 0.149 0.3773 
0.667 0.472 0.7299 0.667 0.298 0.5919 
0.9 0.636 0.7966 0.9 0.402 0.6844 
1.2 0.849 0.8323 1.2 0.537 0.7602 
1.5 1.061 0.8372 2.5 1.118 0.8336 
2.0 1.414 0.8133 3.0 1.342 0.8184 
0.333 20 10 0.235 0.6062 0.333 50 10 0.149 0.4433 
0.667 0.472 0.8558 0.667 0.298 0.6953 
0.9 0.636 0.9340 0.9 0.402 0.8040 
1.2 0.849 0.9759 1.2 0.537 0.8930 
1.5 1.061 0.9816 2.5 1.118 0.9792 
2.0 1.414 0.9536 3.0 1.342 0.9614 
Table 3.1: FJVD= Predicted velocity discontinuities at the interface X = 1, 
for Cl< = 1 and t = 1#. 
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Now we predict the viscoelastic discontinuity for the second wave where 
a portion of the first wave is transmitted into the second rod and another 
portion is reflected at X = 1. From (3.46), 
_ 2z{aO - z) (ii - il ) 
Vl= exp [ ] a{aU + z)2 2TJ..fi/fl (3.51 ) 
is the reflected wave in the slug at X = 1 and t = a jf;. 
reaches X = 0 when t = 2ajf; 
By the time it 
_ 2z{aO - z) (ii - il) [vh = a{aO + Z)2 exp - ii..fi/fl . 
At X = 0 when t = 2ajf;, the boundary conditions are 
[vh - a ([vh + [vh) 
az[uuh = [uvh + [uvh 
(3.52) 
(3.53) 
(3.54) 
where [vh and [uvh are the forward propagating velocity and stress discon-
tinuity waves respectively, in the slug. Furthermore, [vh and [uult are the 
backward propagating velocity and stress discontinuity waves respectively, in 
the first rod. From (3.3), we obtain 
UV [uuh = -[vh 
c 
and using equation (3.53) then gives 
[vh = [vh _ 2z{aO - z) exp (_ ~ - ~) 
a a{aU + Z)2 TJ..fi/fl 
Substituting equations (3.54)and (3.57) into (3.56), we obtain 
OV 4aVOz{aO - z) (ii - il) 
az[uuh = -a-_-[vh + -( 0 )2 exp - - r.rri 
C ca + z TJvTJJl. 
Substituting equation (3.55) into (3.58), we obtain 
[v] = 4aOz{aO - z) ex (_ ii - il) 
1 {aU + z)3 p ii..fi/fl 
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(3.55) 
(3.56) 
(3.57) 
(3.58) 
(3.59) 
Furthermore, when the wave reaches the second interface at time t = 3a ~ 
. \f ~ 
and X = 1, the boundary conditions are 
(3.60) 
(3.61) 
A portion of the wave is transmitted into the second rod and another portion 
of the wave is reflected at X = 1 when t = 3a~, where [vh and [avh are the 
backward propagating velocity and stress discontinuity waves respectively, in 
the slug. Moreover, [awh is the forward propagating stress discontinuity wave 
in the second rod. From (3.3), we obtain 
(3.62) 
(3.63) 
From (3.57) and (3.59), we obtain 
_ 2z(aU-z)2 (3(iJ-M) 
[vb = a(aU + z)3 exp 2rJ..fifll (3.64) 
and substituting (3.64) into (3.60) gives 
2z(aU - z)2 (3(iJ - ji,)) _ 
(aU + Z)3 exp 2iJ..fifll + a[vh = [Q]1 (3.65) 
Then we substitute (3.64) into (3.56) and (3.61) to obtain 
2aVUz(aU - Z)2 (3(iJ - M) 
c(aU + Z)3 exp - 2iJ..fifll + [avh = az[awh (3.66) 
and substitute (3.62) and (3.63) into (3.66) to obtain 
2aVUz(aU-z)2 (3(iJ-M) 2UV[-l _ azV[] 
- - exp + a - v 3 - --- V 1 
c(aU + Z)3 2rJ..fifll C c - (3.67) 
Substituting (3.65) into (3.67), we obtain 
r"l. . 4aUz(aU - Z)2 (3(iJ - M) \l!1= exp-(aU + Z)4 2'f/..fifll (3.68) 
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which is the predicted second wave discontinuity in the second rod at X = 1 
and t = 3Ci~, and can be rewritten as 
4/Jz( /J - Z)2 (3(i) - M) 
- exp (/J + Z)4 2i)..fifJl (3.69) 
4z*(1 - Z*)2 (3(i) - P,)) 
- (1 + Z*)4 exp - 21)..fifJl (3.70) 
Table (3.2) shows numerical values of [:!!h for several viscosity parameters 
and ratios of acoustic impedances. 
However for the elastic slug which we considered in Appendix C, the 
second jump at X = 1 in the second rod is given by 
I 4z*(1 - Z*)2 
fwl = (1 + Z*)4 (3.71) 
Equation (3.71) shows that the second jump in the elastic slug is reduced fur-
ther by the fraction 4z('g~:7 and again the exponent, exp ( - ;h~) in (3.69) 
reduces further the second jump in the viscoelastic slug. We draw attention 
to the fact that [:!!h = 0 for z* = 1 but is otherwise positive for both z* < 1 
and z* > 1. 
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z 'r/ J.L z* PJVD Z 'r/ J.L Z· PJVD 
0.333 0.2 0.1 0.235 0.00118 0.333 0.5 0.1 0.149 0.00116 
0.667 0.472 0.000559 0.667 0.298 0.000966 
0.9 0.636 0.000233 0.9 0.402 0.000693 
1.2 0.849 0.0000332 1.2 0.537 0.000387 
1.5 1.061 0.00000431 2.5 1.118 0.0000174 
2.0 1.414 0.000142 3.0 1.342 0.0000973 
0.333 2 1 0.235 0.139 0.333 5 1 0.149 0.145 
0.667 0.472 0.0660 0.667 0.298 0.121 
0.9 0.636 0.0276 0.9 0.402 0.0868 
1.2 0.849 0.00392 1.2 0.537 0.0483 
1.5 1.061 0.000509 2.5 1.118 0.00181 
2.0 1.414 0.0168 3.0 1.342 0.0122 
0.333 20 10 0.235 0.224 0.333 50 10 0.149 0.235 
0.667 0.472 0.106 0.667 0.298 0.196 
0.9 0.636 0.0445 0.9 0.402 0.141 
1.2 0.849 0.00636 1.2 0.537 0.0783 
1.5 1.061 0.000821 2.5 1.118 0.00758 
2.0 1.414 0.0271 3.0 1.342 0.019T 
Table 3.2: PJVD= Predicted velocity discontinuities at the interface X = 1, 
for Cl< = 1 and t = 3/"f 
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Then a portion of the wave is transmitted into the second rod and another 
portion is reflected. 
[_ 2z(aU-z)3 (3(ii-il)) V3= exp -] a( aU + Z)4 27J,fi'ill (3.72) 
is the reflected wave in the slug at X = 1 and t = 3a~. By the time the 
reflected discontinuity wave reaches X = 0 when t = 4a~, 
_ 2z(aU - Z)3 (ii - M) 
v 3 = exp -2 [ ] a( aU + Z)4 ii,fi'ill 
At X = 0 when t = 4a~, the boundary conditions are 
[vh - a ([V]4 + [V]3) 
az[o-uh = [0-.]4 + [o-.h 
(3.73) 
(3.74) 
(3.75) 
where [V]4 and [0-.]4 are the forward propagating velocity and stress discon-
tinuity waves in the slug. [vh and [o-uh are the forward propagating velocity 
and stress discontinuity waves in the first rod. From (3.3), we obtain 
and equation (3.74) gives 
UV [o-uh = -[vh 
c 
[_] [vh 2z(aU-z)3 (2 ii - il ) V4=-- exp ---
a a(aU + Z)4 ii..fiW 
Substituting equations (3.75)and (3.78) into (3.77), we obtain 
UV 4aOVz(aO - Z)3 ( 
az[o-uh = -a-_-[vh + ( )4 exp 
. c cau+z 
Substituting (3.76) into (3.79), we obtain 
[] _ 4aOz(aO - z)3 (2(ii - il)) v 2 - (aU + Z)5 exp ii..fiW 
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(3.76) 
(3.77) 
(3.78) 
(3.79) 
(3.80) 
Furthermore, when the wave reaches the second interface at time t = 5.,fj" 
the boundary conditions are 
a ([V]4 + ['ills) = [1Lh 
[0-.]4 + [o-.]s = az[o-wh 
(3.81) 
(3.82) 
where ['iI]s and [o-.ls are the backward propagating velocity and stress discon-
tinuity waves in the slug. l1Lh and [o-wh are the forward propagating velocity 
and stress discontinuity waves in the second rod. From (3.3), we obtain 
UV 
- --[1Lh 
c 
From (3.78), we obtain 
_ 2z(aU - Z)4 ( 
[V]4 = a(aU + z)S exp 5(ii-iLl) 2TJy'f/P, 
(3.83) 
(3.84) 
(3.85) 
Then we go through the same procedures as in (3.65) till (3.67) and we 
obtain 
[] 4aUz(aU-z)4 (5(ii-fl)) (3.86) 1L 2 = (aU + z)6 exp 2'T/y'f/P, 
which is the predicted third wave discontinuity of the second rod at X = 1 
and t = 5a.,fj" and can be rewritten as 
41!z(1! - Z)4 (5(ii _ iLl) [1Lh = exp (f¥. + Z)6 2fjy'f/P, (3.87) 
4z*(1 - Z*)4 (5(ii - fl)) 
- exp - ~'--:=-(1 + Z*)6 2TJy'f/P, (3.88) 
Clearly, the value of the predicted discontinuity is decreasing as time in-
creases. We can find the subsequent discontinuities of the second rod at 
X = 1 by using the same technique described earlier. 
However for the elastic slug problem solved in Appendix C, the third 
jump at X = 1 in the second rod is given by 
, 4z*(1 - Z*)4 
fw2 = (1 + Z*)6 (3.89) 
Equation (3.89) shows that the third jump in the elastic slug is reduced fur-
ther by the fraction 4z(:~~:l and again the exponent, exp ( - ;\,~) in (3.87) 
reduces further the third jump in the viscoelastic slug. 
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3.3 Limit Theorem to Predict Discontinuity 
Now we apply the limit theorem to predict the viscoelastic discontinuity in 
the second rod at the interface with the slug at X = 1. From (2.61), we can 
write the general solution for the wave propagation in the second semi-infinite 
elastic rod as, 
w(X,s) -
52 [e~(.j ({3(5) + Z)2 - (,6(5) _ z)2] 
4z,6(5)e+ P(') +I-X) 
- 52 [({3(5) + Z)2 - e-~(~ (,6(5) - zn 
4z,6(5 )e+ P(') +I-X) 
- 52({3(5) + Z)2 [1 - m2e - ~(.i] (3.90) 
where m = ~f:l~:. Then we expand [1 - m 2e - ~(;i] -I in (3.90) using the 
Binomial theorem and obtain 
_ 4z,6( 5 )es ( - p(;) +I-X) 
W(X,5) = 52({3(5) + Z)2 (3.91) 
Now we consider the first term of the series in (3.91) and we write 
_ 4z,6(5)e+*->+I-x) 
Wo (X, 5) = 52({3(5) + Z)2 (3.92) 
Using the Bromwich's integral formula [6}, we write 
1 [+iOO Wo (X, t) = -. wo(X,5)estd5, 
27T2 "1-iOO 
t>O (3.93) 
Making the substitution I! =t - X + 1 - Ot~, we can write (3.93) 
1 1"1+
iOO 
( ( Vf)- ) wo(X, t') = -. . Wo (X, 5) exp 5 X-I + Ot -= est'd5 
27T2 "1-'00 1] 
(3.94) 
At X = 1, (3.94) becomes 
, I _ _ 1_1"1+ioo 4z,6(5)est' exp (Ot5 (~- ~)) 
wo(1, t) - 27Ti "1-ioo 52({3(5) + z)2 d5 
(3.95) 
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Using the Initial Value theorem [9], we can predict the velocity viscoelastic 
discontinuity at I! = O. The predicted discontinuity velocity is 
:t wo(l, t') I. s24z,6(s) exp (as (~ - ~tS))) - Im ------~~~~~~~~~ s~oo S2(,I3(S) + Z)2 (3.96) 
4z/¥.. (( % 1)) 
- (/¥. + z r sJ:.~ exp as V if - ,6(s) (3.97) 
Consider the exponent in (3.97). We can write 
~ 1 {fi: (fi:( 1)!( 1)-! V if - ,6(s) = V if - V if 1+ ajls 1+ aijs (3.98) 
We expand (3.98) by using the Binomial series to obtain 
~ [1 - (1+ ~ + 0 (~) + ... ) (1 -~ + 0 (~) + ... )] V if 2aJ-ts S2 2aTJs S2 
- ~ ( jl- ij + 0 (~) + ... ) V if 2aTJ J-ts S2 (3.99) 
Substituting (3.99) into (3.97), we obtain the discontinuity velocity when 
t = a~ at X = 1 to be 
4z{i (ij _ jl ) 
- exp ( /¥. + z r 2TJy'f/ji (3.100) 
= 4z' exp ( ij-fL) (1 + Z·)2 2TJy'f/ji (3.101) 
which agrees with the result in (3.48) obtained by discontinuity analysis. 
Now we consider the second term of the series in (3.91) and we write 
(3.102) 
Using the Bromwich's integral formula, we write the inverse Laplace trans-
form of (3.102) as 
1 1'1+ioo . Wl(X, t) = -2. . . iih(X, s)estds 
1r'l. ,-ioo 
(3.103) 
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Making the substitution t/' = t - X + 1 - 3a~, we can write (3.103) 
1 1'1+
000 
( ( If) ) W1(X,t")=-2. . iih(X,s)exp s X-1+3a ~ est"ds 
7n '1-'00 1/ 
(3.104) 
At X = 1, (3.104) becomes 
11 _ 1 l'Y+ioo 4zjJ( s )est" exp (3as ( ~ - I1ls))) 
w1(1, t ) - -2 . 2(.8())2 ds 
7ft 'Y-ioo S S + z (3.105) 
Using the Initial Value theorem and the Binomial expansion as in (3.99), we 
can predict the velocity viscoelastic discontinuity at t/' = O. For the second 
wave when it reaches X = 1 at time t = 3a~, the predicted discontinuity 
velocity is 
4Z(~-Zr ~ (3 ii - fl ) 
- exp -(~+zr 21/VWL (3.106) 
4z*(1-z*)2 (3(ii-fl)) 
= exp (1 + z*)4 21/VWL (3.107) 
in agreement with (3.69). For the third wave, we take the third term of the 
series in (3.91) which is 
- - s( 3 a +1 X) ~ 4z,8(s)(,8(s) - z)4e -:aw -
W2(X, s) = S2(,8(S) + Z)6 (3.108) 
and we apply the same procedures as for the first and the second wave. For 
the third wave when it reaches the interface at X = 1 and t = 5a~, the 
predicted discontinuity velocity is 
4Z(~-Zr~ ( ii-fl) 
- exp -5""':---== ( ~ + z r 21/VTfll (3.109) 
4z*(1-z*)4 (5(ii-fll) 
= exp (1 + Z*)6 2TJVTfll (3.110) 
which agrees with (3.87). As we apply this technique to following discon-
tinuity waves, the value of the predicted discontinuity velocities at X = 1 
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are decreasing. The results in this Limit theorem technique to predict the 
viscoelastic discontinuity agree with the results in the viscoelastic disconti-
nuity which is discussed earlier. In the next section of this chapter, we apply 
the method of perturbation to approximate the solution in the two rods and 
slug, in the case when fi » 1 and p, » 1. 
3.4 Perturbation Solution 
Many problems facing physicists, engineers and applied mathematicians re-
quire the solution of non-linear equations and boundary conditions. Many 
solutions are obtained using numerical techniques and others approximation 
techniques. The perturbation technique is one of the analytical techniques 
that we engage in this problem to approximate the behaviour of the vis-
co elastic slug [10]. 
In this section we investigate the additional displacement u in the first 
elastic rod, the displacement v in the viscoelastic slug and the displacement 
w in the second elastic rod in the case where both fi » 1 and p, » 1 by ap-
plying the regular perturbation technique. We consider the non-dimensional 
equation of motion and the stress-strain relation in the viscoelastic slug re-
spectively, 
oav 2 V 02V ( ) 
oX = 0< C {)t2 3.111 
J)av V ( 8v _ a2v ) 
av + 0<J1. {)t = c ax + 0<1/ {)tax (3.112) 
If fi» 1 and p,» 1, we let ~ = E « 1 and equation (3.112) becomes 
I' 
where p2=~>1 
J1. 
(3.113) 
We assume the solution of equations (3.111) and (3.113) to be of the form 
a v - avO + Eavl + E2a v2 + ... 
v = Vo + €VI + E2V2 + ... 
(3.114) 
(3.115) 
Then we consider the non-dimensional equation of motion and the stress-
strain relation in the first rod respectively, 
oau 
--
-ax c {)t2 (3.116) 
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V 8u 
au = c8X· 
We then assume the solution of equations (3.116) and 
form 
(3.117) 
(3.117) to be of the 
au - auo + Eau! + E2a u2 + ... 
U - Uo + EU! + E2U2 + ... 
From (3.116), we obtain 
8auo 8au ! 2 8au2 V (82uo 8 2u! 2&u~ ) 
--+E--+E --+ ... =- --+E--+E -+ ... 
8X 8X 8X C &t2 &t2 &t2 
and from (3.117), this gives 
2 V (&uo 8u! 28u2 ) 
auo + Eau! + E a u2 + ... = c 8X + E 8X + E 8X + ... 
Equating the terms which are independent of E, from (3.120) gives 
8auo V 82uo 
and from (3.121), we obtain 
8X = C &t2 
V&uo 
auo = C 8X 
(3.118) 
(3.119) 
(3.120) 
(3.121) 
(3.122) 
(3.123) 
Differentiating (3.123) with respect to X and equate the equation with 
(3.122), gives 
(3.124) 
The solution of (3.124) is 
Uo = 9o(t + X)H(t + X) (3.125) 
Since lo(t - X) is a forward propagating wave in the additional displacement 
Uo, then lo{t - X) = O. Note that we initiated a viscoelastic discontinuity 
wave V which propagates in the positive direction. From (3.123), we obtain 
auo = V 9~(t + X)H(t + X) 
c 
Considering the terms in E, in (3.120) gives 
8au! V &2u! 
8X = C &t2 
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(3.126) 
(3.127) 
/(1»)---. 1(1) -----... 
h(l) 
.. ge,) IW) 
Figure 3.5: Wave movements in the rods and slug 
and from (3.121), we obtain 
(3.128) 
Differentiating 
(3.127), gives 
(3.128) with respect to X and equate the equation with 
The solution of (3.129) is 
Ul = 9l(t + X)H(t + X) 
and from (3.128), we obtain 
(Tul = V g;(t+X)H(t+X) 
c 
Considering the terms in E2, in (3.120) gives 
&(Tu2 V &2U2 
&X = -; &2 
and from (3.121), we obtain 
(3.129) 
(3.130) 
(3.131) 
(3.132) 
(3.133) 
Differentiating (3.133) with respect to X and equate the equation with 
(3.132), gives 
(3.134) 
The solution of (3.134) is 
U2 = 92(t + X)H(t + X) (3.135) 
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and from (3.133), we obtain 
O"u2 = V g~(t + X)H(t + X) 
c 
(3.136) 
Now we consider the viscoelastic slug by substituting (3.114) and (3.115) 
into (3.111) which gives 
(3.137) 
Similarly (3.113) gives 
(3.138) 
Considering (3.137), the terms independent of e give 
00".0 2 V ()2vo 
--=0 ---
oX C 8t2 
(3.139) 
and from (3.113) 
oo"vo V 2 ()2vo ( Om = 0 c P 8toX' 3.140) 
Differentiating (3.139) with respect to t and (3.140) with respect to X and 
equating then gives 
()2vo _ (P)2 Ef4uo 
8t2 - a OX2' (3.141) 
Solving equation (3.141), we obtain 
(3.142) 
Since there is no oncoming or backward propagating wave in the slug, 
!io (t + iX) = O. Equation (3.138) gives 
(7.0 = -op ~ f~(t)H (t -; X) . (3.143) 
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Then we look at the boundary conditions at X = 0 where the velocity in the 
first rod is equal to the velocity in the slug so that 
[)X 8!i 
-
at at 
(3.144) 
and non-dimensionalize (3.144) to obtain 
fJu 8v 
1+ at =aat· (3.145) 
Substituting (3.119) into (3.145) gives 
(3.146) 
The second boundary condition is that the stress in the first rod is equal to 
the stress in the slug at X = 0, 
(3.147) 
Non-dimensionalizing (3.147) gives 
az ( - ~ + au ) = a •. (3.148) 
Substituting (3.118) into (3.148) gives 
Considering the terms independent of € from (3.146) and (3.149) leads to 
fJuo Bvo l+ at =aat· 
and 
az (-~ +auo) = ava 
respectively. Furthermore, from (3.125) and (3.142), equations 
(3.151) become 
1 + g~(t) = a!~(t) 
and 
az V (-1 + g~(t)) = -ap ~ !Mt) 
c c 
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(3.150) 
(3.151) 
(3.150) and 
(3.152) 
(3.153) 
respectively. Solving equations (3.152) and (3.153), we obtain 
-, 2z 
fo(t) = a(p + z) and g' (t) = z - p o z+p 
Considering the terms in €, in (3.137) and (3.138) gives 
[)u v1 2 V [)2V1 
[)X = a C [)t2 
(3.154) 
(3.155) 
[)UV 1 V (&vo 2 [)2V1 ) UoO + am = c [)X + ap [)t[)X (3.156) 
Substituting equations (3.142), (3.143) and (3.154) into (3.156) gives 
~ ( _ 2 V &v1) _ V 2Z(P2 - 1) 
<u aUv1 ap - "'X - - ( ) 
Ub cue p p+ z 
Integrating the equation (3.157) with respect to t gives 
2 V [)V1 V 2Z(P2 - 1)t 
U 1-P -- = 
v c [)X c ap(p + z) 
and differentiating (3.158) with respect to X gives 
[)Uv1 2 V [)2V1 
[)X = P C [)X2 
Equating equations (3.155) and (3.159) gives 
[)2V1 _ (P)2 [)2V1 
[)t2 - a [)X2 
Solving this equation, we obtain 
and so 
(
V -, V 2Z(P2 - l)t) ( a) Uv1 = -ap~ f1(t) + (P) H t - -X c c ap +z p 
(3.157) 
(3.158) 
(3.159) 
(3.160) 
(3.161) 
(3.162) 
At X = 0, considering the terms in €, in equations (3.146) and (3.149) gives 
(3.163) 
.and 
(3.164) 
respectively. Equation (3.163) gives 
(3.165) 
and from (3.164) we obtain 
_ 2Z(p2 - l)t 
zg' (t) = -ap!'(t) + --""--------7--
I I ap(p + z) (3.166) 
Solving equations (3.165) and (3.166), we obtain 
!,(t) = 2Z(P2 -l)t 
I a 2p(p + z)2 and 
'() 2Z(p2 -l)t 9 t = --'~---,,=-
I ap(p + z)2 (3.167) 
Then substituting Uo and UI into (3.119) gives 
and substituting Vo and VI into (3.115) gives 
V = ( 2z ( a x) a(p+z) t- p 
Now we look at the reflected wave in the slug and we assume the solution 
to be of the form 
2 
CT".,. CTvrO + €CTvrl + € CTvr2 + ... 
Vr - VrO + Wrl + €2Vr2 + ... 
(3.170) 
(3.171) 
From the equation of motion (3.111) and the stress-strain relation (3.113) 
in the viscoelastic slug, we obtain 
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.---'-
and 
For terms independent of E, we perform the same procedures as in (3.122) 
and (3.123) to obtain 
[Pvro _ (P)2 [Pvro 
&t2 - a OX2' (3.174) 
Solving equation (3.174) gives 
VrO = gro (t - ~ + ~(X -1)) H (t -; + ~(X -1)) (3.175) 
and 
(TvrO = ap ~ g~o(t)H (t -2 a + ~X) 
c p p 
(3.176) 
Now we consider the non-dimensional equation of motion and the stress-
strain relation in the second elastic rod 
O(Tw V 02W 
oX = C &t2 (3.177) 
and 
V O(Tw ( ) (Tw = C oX' 3.178 
We assume the solution of equations (3.177) and (3.178) to be of the form 
(Tw - (TwO + €(Twl + €2(Tw2 + ... 
W - Wo + EWI + €2W2 + ... 
Substituting (3.179) and (3.180) into (3.177) gives 
O(Two O(Twl 20(Tw2 V [02wo 02WI 2[)2wO ] 
--+€--+€ --+ ... =- --+€--+€ --+ ... 
oX oX oX C &t2 &t2 &t2 
and from (3.178) 
. 2 V [owo Owl 20W2 ] (T 0 + €(T I + € (T 2 + ... = - - + €- + E - + ... 
w w w. C oX oX oX . 
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(3.179) 
(3.180) 
(3.181) 
(3.182) 
For terms independent of €, we perform the same procedures as in (3.122) 
and (3.123) to obtain 
(3.183) 
Solving equation (3.183) gives 
Wo = ho (t - ~ - (X -1)) H (t -X + 1- ;) (3.184) 
and 
(3.185) 
where ho(t) is a wave moving forward in the second rod. At X = 1 where 
the velocity in the slug is equal to the velocity in the second rod we have 
( 
8vo 8Vl 28v2 avrO avrl . 28vr2 ) 
a at + € at + € at + ... + et + Eet + € et + ... 
8wo 8W l 28w2 
= et + E{it + E at +... (3.186) 
For the stress, 
The terms independent of E in (3.186) give 
a ( 8vo + avro) = 8wo 
at at at 
and from (3.187) gives 
Using (3.154) and (3.188), gives 
~ + ag~o(t) = h~(t) 
z+p 
and equation (3.189) gives 
V2zp V_I() V,() 
--::::-- + ap-::::9ro t = -az-ho t cz+p. c c 
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(3.188) 
(3.189) 
(3.190) 
(3.191) 
Solving equations (3.190) and (3.191), we obtain 
h'(t) = 4pz 
(p + Z)2 
._, 2z(p - z) 
and 9r o(t) = (p )2 a +z (3.192) 
For the terms in c at X = 1, we perform the same procedures as in (3.122) 
and (3.123) to obtain 
f)2W1 ff2W1 
&t2 = 8X2 (3.193) 
and solving, we obtain 
W1 = hI (t -; - (X - 1)) H (t -X + 1 - ~) (3.194) 
and 
awl = - ~ h~ (t - ; - (X - 1)) H (t -X + 1 - ;) (3.195) 
For the terms in c, equation (3.172) gives 
8a vr1 2 V 82vr o 
8X = a C &t2 (3.196) 
.and the equation (3.173) 
8avr1 V (avro 2 82vr1 ) 
avrO + a--m = C 8X + ap &t8X (3.197) 
Simplifying equation (3.197), we obtain 
~ ( _ 2 V avr1 ) _ 2Vz(p - z}(1 _ p2) 
&t aavr1 ap C 8X - cp(p + Z)2 (3.198) 
Integrating equation (3.198) with respect to t gives 
V 2avr1 2Vz(p - z)(l- p2)t 
avr1 - cp 8X = aep(p + Z)2 (3.199) 
Differentiate (3.199) with respect to X and equate it with (3.196) to obtain 
(3.200) 
Solving (3.200), we obtain 
Vr1 =9r1 (t- ~+ ~(X -1)) H (t-; + ~(X -1)) (3.201) 
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and 
_ V _I () 2Vz(p - z)(l - p2)t 
O"vr1 - Ctp _ 9r1 t + (P)2 C Ctcp + z (3.202) 
For the terms in € at X = 1, (3.186) gives 
Ct (OV1 + Ovr1) = OWl 
at at at (3.203) 
and from (3.187) gives 
(3.204) 
. Simplifying equation (3.203) gives 
( 2Z(p2 - 1 )t _I ( )) I ( ) Ct Ct2p(p + Z)2 + 9r1 t = hI t (3.205) 
and from (3.204) 
2V Z2(p2 - l)t V _I () 2V z(p - z)(l - p2)t Vh' () (3.206) 
-::---;''-:-----;-;;- + -Ctp9 t + = -CtZ- t CCtp(p + Z)2 C r1 Ctcp(p + Z)2 C 1 
Solving equations (3.205) and (3.206), we obtain 
_I (t) = 2Z(P2 - 1)(P - 3z)t 
9r1 Ct2p(p + Z)3 (3.207) 
and 
h' (t) = 4Z(P2 - 1)(P - z)t 
1 Ctp(p + Z)3 (3.208) 
The displacements in wand Vr are 
w = ( 4pz (t-X + 1- Ct) +€2Z(p2 -1)(P- z)(t -X + 1- ~)2 
(p+Z)2 P Ctp(p+Z)3 P 
+0(€2) + ... )H (t -X + 1-~) (3.209) 
and 
( 2Z(p - z) ( Ct x 2Ct) z(p2 - 1)(P - 3z) ( Ct x 2Ct)2 Vr = t+---+€ t+---Ct(p + Z)2 ,p P Ct2p(p + Z)3 P P 
+0(€2) + ... )H (t + ~X - 2;) (3.210) 
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z ii J.L PIV 
0.333 20 10 0.6171 
0.667 0.8711 
0.9 0.9506 
1.2 0.9933 
1.5 0.9991 
2.0 0.9706 
0.333 50 10 0.4513 
0.667 0.7079 
0.9 0.8185 
1.2 0.9091 
2.5 0.9969 
3.0 0.9781 
Table 3.3: PJVv= Predicted jump velocity discontinuities at the interface 
X = 1 and t = a Jl in the second rod by using perturbation. 
respectively. From (3.209), we obtain the velocity of the wave in the second 
rod as 
-= +f t- +1--+ f dw [4PZ 4Z(P2 - 1)(P - z) (X a) O( 2) 
dt (P + Z)2 ap(p + Z)3 P 
+ ... ] H (t -X + 1 - ;) (3.211) 
Equation (3.211) shows that at X = 1 and t = aJl the velocity is 
4pz 4j¥.z 4z* 
- -~-~ (p+Z)2 (j¥.+Z)2 (1+z*)2 (3.212) 
Table (3.3) shows the predicted jump velocity at X = 1 when t = aJl in 
the second rod for viscosity parameters 20 and 10, and 50 and 10, and for 
several ratios of acoustic impedances by using perturbation technique. 
Expanding the solution of the discontinuity at X = 1 and t = aJl in 
(3.48) from the viscoelastic discontinuity 
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4/¥.Z (fj - Ji ) [v]o = exp 
- (/¥. + z)2 217..ftfll (3.213) 
and expressing [:!!lo in term of € = k and p2 = ~ gives 
4pz ((p2 - 1)) [:!1]o = (p + Z)2 exp -€ 2p3 (3.214) 
We expand the exponent term in (3.214) to obtain 
( 
(p2 -1)) (P2 _ 1) (_€(p~l) r (_€(P~;;l) r 
exp -€ = 1-€ + + +- .. 2p3 2p3 2! 3! (3.215) 
Substituting the expansion in (3.215) into (3.214), gives 
~ 4pz (p2 - l)z 2 [:!11o ~ (p )2 -2€ 2( )2 +O(€ )+ ... 
+z p p+z 
(3.216) 
Apparently, at X = 1, when the first wave arrives at non-dimensional 
time t = a/f, the second term in (3.211) and the terms after that are 
zero. Therefore the velocity depends solely on the first term at X = 1 and 
t = a fii. Since fj » 1 and Ji » 1, the decay factor in viscoelastic discontinu-Yfi . 
ity, exp ( - 2g~) "'" 1. Table (3.3) produced by the perturbation technique 
shows there are small differences compared to the results in table (3.1) pro-
duced by the viscoelastic discontinuity technique for viscosity time constants 
20 and 10, and 50 and 10. The viscoelastic discontinuity solution, given by. 
the expansion in (3.216), has the same value for the first term as the first 
term in the perturbation solution (3.211). As the non-dimensional time unit 
t increases, the particle velocity increases slowly for p - z > 0 which is equiv-
alent to z· < 1. On the other hand, the particle velocity is decreasing slowly 
for z· > 1 as t increases. 
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Chapter 4 
The Signal Transmitted 
Through The Viscoelastic Slug 
4.1 Introduction 
The focus of this chapter is to obtain the solution in the time domain of 
the displacement wave propagation in the second semi-infinite elastic rod by 
inverting the Laplace transform for the solution found in chapter 2. In order 
to do this we use the complex inversion formula (2.62) to invert the Laplace 
equation (2.61). Firstly, we apply the Bromwich contour to lay-out the cal-
culation of the complex integrals along the contour and determine the poles 
and branch points. Secondly, we find all the roots in the real and complex 
plane until their contribution to the solution is insignificant. In searching 
for the roots, we have to ensure that we do not miss-out any root near the 
real axis since they may contribute significantly to the results. In order to 
be precise, we supply analytical arguments for finding the roots. Further-
more after determining the roots, we calculate the residues and we compute 
results for several values of viscosity time constants and ratios of acoustic 
impedances. Finally, we discuss the results obtained and make comparison 
with other findings. 
4.2 Complex Inversion 
In this section, we invert the Laplace transform of the displacement of the 
second rod, equation (2.61) 
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4zi3( s) exp (.2L) es(l-X) 
iiJ(X ) = {3(s) (4.1) 
, s S2 [exp (Jr.») (/3(s) + z)2 - (i3(s) _ z)2] 
and then take the derivative with respect to t in order to find the velocity. We 
use the complex inversion formula discussed in chapter 2 to find the inverse 
Laplace transform of equation (4.1) by forming a suitable Bromwich Contour 
curve. 
w(X, t) 1 J'Y+
ioo 
_ -. estiiJ(X, s)ds 
27rz 'Y-ioo 
1 J'Y+ioo 4zi3(s) exp (.2L) es(t+l-X) 
_ _. {3(s). ds(4.2) 
2m 'Y-ioo S2 [exp (Jfs») (i3(s) + Z)2 - (i3(s) _ Z)2] 
We consider a closed curve in the left half of the complex plane and we note 
that there are branch points. of the integrand at s = ~~ and s = ~~. Then 
we make a cut along -~ and -~, and modify the contour in order to avoid OJ.' aT] 
crossing the branch cut as shown in figure (4.1). We let X be the closed 
contour ABCDEFGHJKLMA and r to be the contour of BCD, DE, EF, FG, 
GH, HJ, JK, KL, LMA, shown in figure (4.1). In the closed contour X, there 
are a second degree pole at s = 0 and poles when the denominator of the 
integrand in equation (4.2) is equal to zero. Then it follows from (4.2), on 
putting T = J R2 - {2, that 
1 J'Y+ iT (4.3) w(X,t) 
-
lim -. estiiJ(X, s)ds 
R_oo 21r'l i-iT 
- lim [~ i estiiJ(X, s)ds - ~ 1 estiiJ(X, S)dS] (4.4) 
R-oo 27rz x 27rz r 
- Lresidues inside X - 21 .1 estiiJ(X,s)ds (4.5) 1n r 
- L residues inside X - 1 -1-1 
BeD DE EF 
to -lH -iJ -lK -LL -lMA (4.6) 
The calculations of the complex integrals along FG and H J where the 
brancl! cut is located are shown here. The complex integrals along BCD, 
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C B 
x 
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M 
Figure 4.1: Closed contour X 
, 
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y.+iT 
y-iT 
A 
x 
DE, EF, GH, JK, KL, LMA are shown in Appendix B. Along FG, the 
value of ~(s) = 1+"'15 is given by l+CtIlS 
~(s)=e'ii 11 + aijs l=i 11 + aijs l 
1 + ails 1 + af.Ls 
since 
~ -1 -1 W 't or ail < s < a;;' e wn e, 
Then along FG, 
1 + aijs < 0 
1 + ails 
_ (1 + aijs) = ,(s) 
1 + af.Ls 
and along H J, the value of jj(s) = 1+"'15 is ";ven by 1+0"1-'s boO , 
So the integral along FG and H J is 
(4.7) 
(4.8) 
1 1 1-o'ij i,(s)e5(.,7.)+1-X)e5t ds + ds = 4z 20. ds FG HJ -al. s2[e"(')(i/(s)+z)2_(i,(S)-z)2] 
1-0
1
• _i,(s)e5(-.,7.)+1-X)e5t 
+4z 20' ds 
-o'ij S2 [e"(') (-i,(s) + z)2 - (-i,(s) - z)2] 
1-o'ij i,(s)e5(,,7.) +1-X) est = 4z 20' ds 
-a'. S2 [e"(') (i/(s) +z)2 - (i,(s) - z)2] 
1_0'. i/(s)e8(-,,7.)+1-X)e5t +4z 20. ds -a'. s2[e"(')(-i/(s)+z)2-(-i,(S)-z)2] 
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1-.'. iT [e( -~;)( -iT + z)2 - e ~; (iT + Z)2] es(t+l-Xj 
- 4z _.'p (S2[e~(iT+Z)2_(iT_Z)2] [e-~(i'Y-Z)2_(iT+z)2] 
+ [ .:" [, ~ ('7+')' - '-~ t:.+ .)' 1 ","'-X) 1 ) '" (4.10) 
S2 e"'(iT+z)2_(iT-z)2 e-"'(iT-z)2-(i'Y+z)2 
- 0 (4.11) 
So there is no contribution along the branch cut between ~~ and ~. 
4.3 Poles 
In order to calculate the residues, we must first find the poles. There is a 
pole of second order at s = 0 and possible poles at the roots of the equation 
2. (- )2 (- )2 eP(') /3(s) + z - /3(s) - z = 0 (4.12) 
Considering first the poles on the real axis, we let 
g(s) = e~ (i3(s) + z)2 - (i3(s) _ Z)2 ( 4.13) 
Then from (4.13), we find that g(s) is only defined on (-oo,-h) and 
(-~,O). First, we look at poles in the interval (-co,-h) and note that 
lim g(s)=-( ~_Z)2 <0 
8--00 V P (4.14) 
To determine the behaviours of g(s) as s -+ -h, we expand (4.13), to obtain 
(4.15) 
Writing s = -h - 8 (8) 0) gives 
( ) W g(s) = 4zi3(s) + 2si3(s) = 2 2z - ~ y-lx (4.16) 
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From (4.16), we find that 
if z> 2~' then g(s) -+ 00 as 8 -+ 0 ( 4.17) 
and 
j'f 1 h ( ) < z < 2jl' t en 9 s -+ -00 as u -+ 0 (4.18) 
From (4.14) and (4.18) it follows that there are no real roots or an even 
number of real roots on (-00, -!). However, (4.14) and (4.17) implies 
, tjIat there exists at least one real root or an odd number of real roots on 
\ -00, -!). These results are an aid to determining the poles but they must 
still be located numerically as described below. 
Next we consider locating the poles on ( -~, 0). 
limg(s) = (1 + Z)2 - (1- Z)2 > 0 
S~O 
(4.19) 
and 
!im g(s) = _Z2 < 0 (4.20) 
s--* 
So by the Intermediate Value Theorem [13], there exists a point on ( -~, 0) such that g(s) = O. This shows that we have at least one pole 
on the interval ( - ~, 0) or an odd number of poles on ( - ~, 0) . 
Secondly, we look for poles in the complex plane. Equation (4.12), must 
then be solved numerically but in order to approximately locate the root, we 
rewrite equation (4.12) as 
• (J(s) - z . e~ = I _ le·k1r 
where k is an integer. Then 
and if we let s = x + iy, then 
(J(s) = 
,B(s)+z 
1 + a7ix + ia7iy 
1 + ap,x + iap,y 
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(4.21) 
(4.22) 
(4.23) 
and as y -+ 00, jj(s) -> JI and (4.22) gives 
(4.24) 
Equation (4.24) can be used to approximate the location of the poles in the 
complex plane. To find the roots, we used a Maple software routine which 
required us to specify the vertices of a rectangle within which a root is located. 
The real part of the complex number s in equation (4.24), JI In I ~::I is 
used to predict the length of the rectangle and the imaginary part of s; k JI7r 
is used to predict the width of the rectangle. Firstly, we find the real roots 
of (4.12) by forming a rectangle which is centered on the negative real axis. 
The width of the first rectangle is taken to be 28 where we choose /j such 
that 
o < /j < vertical distance between the real-axis 
and the first root immediately 
above the real-axis 
There are two intervals namely (-*,0) and (-00, -!) which contain real 
roots. We find the real root(s) on (-00, -!) first since it has no subsequent 
complex roots. Then we find the real roots on ( - *' 0) and then the complex 
roots. The equation (4.24) is used to confirm whether we have found or 
missed any pole in the investigation. 
Secondly, to locate the second pole immediately above the real-axis, we 
use the location of the first pole which we have found and the imaginary part 
of s in the equation (4.24) when k = 1, JIn to determine the length and 
width of the second rectangle. To find the third pole, we use the location 
of the second pole and the imaginary part of s in the equation (4.24) when 
k = 2, 2jIn to determine the length and width of the third rectangle. We 
apply the same procedures to find the subsequent poles. Equation (4.12) 
shows that every complex root has a complex conjugate located below the 
real-axis. 
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4.4 Residues 
After finding all the roots needed to give results up to a certain accuracy, 
we calculate the residues. There is a second order pole at s = 0 and a finite 
number of first order poles when e~(:) (i3(s) + Z)2 - (i3(s) - z)2 = 0 inside 
the closed contour X in figure (4.1). We found 150 poles in the upper half 
plane and consequently their complex conjugates. This gave 300 poles in 
total which gives reasonably accurate results. More roots were found to con-
tribute insignificantly to the results. 
The residue of the second order pole at s = 0 is 
. d [ 4zi3(s)es (i<';)+I-x+t) ] 
hm - [2011 2 ] s~o ds eP(') ({3(s) + z) - ({3(s) _ Z)2 
- ;z [2Z Cl:(i); jL) + 2 - X + t) -a(1+ Z)2 - aZ(i) - iLl] (4.25) 
In calculating the other residues we use 
R 'd - I' (s - sn)N(s) eSI ue - Im 2D( ) 
S-Sn S S 
- s( 0 +1 x+t) '0. (- )2 (- )2 where N(s) = 4z{3(s)e iJW - and D(s) = eP(') {3(s) + Z - {3(s) - Z 
and Sn is the nth root. Writing s = Sn + (j gives 
Residue 
s~D'(sn) 
after using Taylor's expansion. 
4.5 Results 
( 4.26) 
Having found the required numbers of poles to evaluate the displacement 
of the wave in the second rod, from (4.11), (4.25) and (4.26) we obtain the 
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displacement in the time domain 
w(X, t) - 2~ [2Z (a(ij 2- fl) + 2 - X + t) -a(l + Z)2 - aZ(ij - fl)] 
+ L residues inside X (4.27) 
In order to get the velocity, we differentiate (4.27) and we run the program 
for several viscosity time constants and ratios of acoustic impedances. From 
the viscoelastic discontinuity, limit theorem and perturbation techniques dis-
cussed in chapter 3, we will be able to gauge the accuracy of the results. In 
non-dimensional time, it takes a~ time units for the first wave to reach the 
second interface between the slug and the second rod. Then a portion of the 
wave is transmitted into the second rod and another portion is reflected into 
the slug. The wave which is reflected at X = 1 will travel back to the first in-
terface at X = o. A portion of the wave is then transmitted into the first rod 
and another portion of the wave is reflected into the slug at non-dimensional 
time 2a~. This reflected wave reaches the second interface at unit time 
3a~. The wave keeps on bouncing back and forward in the viscoelastic 
slug which creates multiple reflections and transmissions at both interfaces 
until the wave dies-out. In this simulation we choose the ratio of acoustics 
impedances, z, as small as Z = 0.333 and increase it up to z = 2.0 for vis-
cosity parameters ratio!! = 2 and for the viscosity parameters ratio !! = 5, 
from z = 0.333 to z = 3.0. In choosing the ratio of acoustics impedances, 
we also take into account the values of z for which the z effective, z ~ > l. 
[The derivation of z effective is shown in Appendix D.] For the viscosity time 
constants, we choose a range of viscosity constants ranging from as small· as· 
ij = 0.2 and fl = 0.1, up to ij = 20 and fl = 10 for the ratio of ~ = 2. For 
the viscosity ratio ~ = 5, we choose a range of viscosity parameters ranging 
from as small as ij = 0.5 and ji. = 0.1, up to ij = 50 and fl = 10. 
The creep tests described in Appendix A show how the values of the 
viscosity time constants and the ratio of the viscosity time constants which 
we are taking affect the results of our simulations. Figures (4.2- 4.7) show 
some of the results for the particle velocity in the second rod at the interface 
X = 1 with several viscosity time constants and ratios of acoustic impedances 
z. This is the signal which propagates in the second rod and can be employed 
to determine the parameters of the slug. 
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Figure 4.2: Particle velocity In the second rod at the interface X 
i) = 0.2 and p: = 0.1 
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Figure 4.3: Particle velocity In the second rod at the interface X 
iI = 0.5 and jl = 0.1 
71 
1 for 
" ... 
v v 
" 
ff -2,it = 1,2 -0.333 ." .• ff - 2,it -1,2 - 0.667 
" 
" v v 
0.' 
, , 
." 
.", 
.. , 
v .. , 
v 
0' 0.' 
, , 
.", ff=2,it-I,2-2.0 
Figure 4.4: Particle velocity In the second rod at the interface X 
ii = 2 and fl = 1 
72 
1 for 
" 
v 
,. 
v 
00 0' 
·00 
" 
v v 
ff=5,jI=l,z=1.2 
" v v 
" 
11 = 5,ii = I,' =3.0 
·0' 
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4.6 Discussion 
In the results depicted by the figures (4.2 - 4.7), all the viscoelastic disconti-
nuities agree reasonably well with the predicted discontinuities discussed in 
chapter 3. For smaller viscosity time constants such as fj = 0.2 and jl = 0.1 
in figure (4.2) and fj = 0.5 and jl = 0.1 in figure (4.3), the initial discontinuity 
is small and the velocity subsequently increases smoothly and asymptotically 
approaches 1. As the viscosity time constants increase to jl = 1 with fj = 2 in 
figure (4.4) and fj = 5 in figure (4.5) the initial discontinuity is significantly 
bigger and the velocity increases linearly until the second wave arrives at 
t = 3ajfi, and the third wave arrives at t = 5ajfi,. In figures (4.6) and 
(4.7) where jl = 10, fj = 20 and jl = 10, fj = 50 respectively, the initial jump 
is bigger still and the velocity remains virtually constant until the arrival of 
the second and subsequent jumps. The results also show that the first jump 
at X = 1 increases as the ratio of acoustic impedances, z increases until 
the z effective, zjfi, = 1. As the z effective zjfi, approaches 1, the graph 
shows no jumps after the first jump which agrees with the predicted velocity 
discontinuity discussed in chapter 3. Then the jumps appear again for values 
of z effective, zjfi, > 1. This trend is also shown in figure (4.8) for viscosity 
parameters fj = 20 and jl = 10. At the interface X = 1 and t = ajfi" 
where the first jump occurs, the red curve shows the jump for z = 0.333 is 
0.6062 and as z increases to z = 0.667, the discontinuity is 0.8558 and it is 
shown by the green curve. Furthermore as we increase z, to z = 0.9 the first 
discontinuity is 0.934 and as shown by the black curve and for z = 1.2, the 
first discontinuity is 0.9759 as shown by the blue curve in figure (4.8). 
As z effective, zjfi, approaches 1, as shown by the yellow curve when 
z = 1.5, the first discontinuity is 0.9816. As z goes beyona the z effective, 
the value of the first discontinuity decreases to. 0.9536 for z = 2.0 and is 
shown by the brown curve in figure (4.8). Figures (4.4), (4.5), (4.6) and (4.7) 
show that there are following jumps _at z = 2.0 for the viscosity ratio ~ = 2 
and at z = 3.0 for the viscosity ratio ~ = 5 when the z effective is bigger than 
one. These figures also show that the subsequent jumps for each ratio of vis-
cosity parameters are getting smaller as time increases. However figures (4.2) 
and (4.3) show that the discontinuities are so small that the velocity graphs 
appear to be increasing smoothly to a horizontal asymptote at v = 1. 
As the ratio of acoustic impedance z increases, the subsequent jumps also 
vanish as shown in figures (4.4), (4.5), (4.6) and (4.7). The subsequent jumps 
appear again when the z effective zjfi, > 1. These cases are shown when 
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Figure 4.8: Velocity discontinuities in the second rod at the interface X = 1 
for i! = 20 and {t = 10 for several ratios of acoustic impedance. 
~ = 2 for the ratio viscosity of ~ = 2 and when z = 3 for the ratio viscosity of 
R = 5. In figures (4.2) and (4.3), the velocity graphs show that there are no 
subsequent jumps after the first jump at non-dimensional time unit t = 0.;#. 
Actually there are jumps according to the viscoelastic discontinuity and the 
limit theorem techniques in chapter 3 which are displayed in tables (3. 1) 
and (3.2). Since the numerical values are very small compared to the other 
jumps, they are not apparent in the results. From the particle velocity curves 
shown in figures (4.2) and (4.3), the curves increase more rapidly after the 
first jump w~en the ratio of viscosity is ~ = 2 compared to when the ratio of 
viscosity is R = 5. This result agrees with the creep test comparison, when 
the ratios of viscosity are R = 2 and ~ = 5, which is shown in figure (4.9). It 
shows that the strain graph for viscosity ratio !i = 2 is steeper than the the 
- " 
strain graph for viscosity ratio R = 5 for ° ~ t ~ 0.15. 
For bigger viscosity time constants which are displayed in figures (4.6) 
and (4.7), the velocity curves remain constant in between two discontinuity 
jumps. However in figures (4.4) and (4.5) when the viscosity time constants 
are i! = 5, i! = 2 and {t = 1, the velocity curves show a linear increase 
between two discontinuity jwnps. Furthermore figures (4.2) and (4.3) show 
that the velocity curves are increasing smoothly until the curves settle down 
as the velocities approach one. This effect is also shown in figures (4. 10) 
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Figure 4.11: Particle velocity in the second rod at the interface X = 1 for 
z = 1.2 for increasing viscosity parameter ratio of ~ = 2. 
and (4.11) where, as the viscosity time constants increase, the velocity curves 
also increase with different trends. In figures (4.10) for z = 0.333, the green 
curve, which represents the velocity when the viscosity time constants are 
r; = 0.5 and p, = 0.1, increases smoothly compared to the velocity curves for 
viscosity time constants r; = 5 and p, = 1 and r; = 50 and p, = 10 which are 
represented by the blue and red curves respectively. There is an increment 
in the blue curve between t = alf and t = 3alf or before the arrival of 
the second wave. These increments continue to appear in the velocity curve 
before the arrival of the next waves. However for the red curve the velocity is 
constant between t = a If and t = 3a ft or before the arrival of the second 
and subsequent waves. The same trend of results also appears for the ratio 
of acoustic impedances ~ = 2, when z = 1.2 in figure (4.11). Since z = 1.2 
or z effective z' = 0.849 is close to 1 for the ratio of viscosity time constants 
~ = 2, the following subsequent jumps are not apparent here. This trend I' 
of result is also shown in figure (4.4) and (4.6) when z = 1.5 or z· = 1.06. 
Another significant finding shown by the figures (4.10) and (4.11) is that the 
jumps are bigger for large viscosity time constants. Figure (4. 10) shows that 
the first discontinuity is 0.37 (Blue curve) when the viscosity time constants 
are r; = 5 and p, = 1 and when the viscosity time constants are r; = 50 and 
p, = 10, the first discontinuity is 0.45 (Red curve). Moreover figure (4.11) 
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shows the first discontinuity is 0.85 (Blue curve) for viscosity time constants 
fj = 2 and j1. = 1 and 0.98 (Red curve) when viscosity time constants are 
fj = 20 and j1. = 10. 
The increments of the particle velocity between two successive jumps in 
figures (4.2 - 4.7) also agree with the increment of extension response in 
the creep test in figures (A.3) and (A.4) in Appendix A as the viscosity 
time constants increase. As the viscosity time constants are decreasing, the 
particle velocity curves increase steeply between two successive jumps. In 
figures (4.2) and (4.3) when the viscosity time constants are fj = 0.2, fj = 
0.5 and j1. = 0.1, the particle velocity curves increase steeply initially and 
asymptotically approaches 1 like a creep function. This result agrees with 
the extension response for the creep test when the viscosity time constants 
are fj = 0.2, fj = 0.5 and j1. = 0.1 represented by the green coloured curves 
in figures (A.3) and (A.4). As we increase the viscosity time constants to 
fj = 20, fj = 50 and jl = 10, figures (4.6) and (4.7) show that the particle 
velocity curves increase linearly and this agrees with creep test shown in 
figures (A.3) and (A.4) when the viscosity time constants are fj = 20, fj = 50 
and j1. = 10, the extension response curves, which are blue coloured increase 
linearly. 
The discussions show that the effective ratios of acoustic impedances z' 
and the viscosity time constants fj and j1. play a very important role in de-
termining the behaviours of the wave transmitted through the viscoelastic 
slug. Moreover the behaviours of the transmitted wave agrees well with the 
extension response in the creep test in Appendix A. Finally, the viscoelastic 
discontinuity analysis has approximated the actual results successfully. This 
marks the end of our first problem and we consider the impact problem in 
the next few chapters. 
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Chapter 5 
Mathematical Model for 
Impact Problem 
5.1 Introduction 
This chapter marks the beginning of the second part of this thesis where we 
look at the impact problem of the viscoelastic materials. We first establish 
the governing equations pertaining to the impact of viscoelastic materials 
subject to certain boundary conditions for the case when a viscoelastic slug 
moving at speed V impacts a stationary viscoelastic rod as shown in fig-
ure (5.1). We then non-dimensionalize these equations and their associated 
boundary conditions. After non-dimensionalizing, we then solve the differen-
tial equations with prescribed boundary conditions in the Laplace transform 
domain. 
ViscoeJasuc ViscoeJaslic 
Slug yf--.,--___ Rod ____ -, 
-h, x 0 0 ah. 
Figure 5.1: A viscoelastic slug impacting a viscoelastic rod 
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5.2 Governing Equations 
Let it and ij be the additional displacements in the slug and in the rod 
following the impact respectively, il and a- be the stress in the slug and the 
rod respectively, E and E be the Young modulus in the slug and in the rod 
respectively, p and p be the density in the slug and the rod respectively. 
The quantities j1., /i, ij and ~ are material constants with dimension of time 
where the v notation indicates dimensional variables. We choose the origin 
of coordinates at the centre of the interface and axis OX along the axis of 
the rod and we assume the impact takes place at time 'if = O. When a slug 
moving at a speed V, impacts the rod at time 'if = 0 and at X = 0, we write 
the position at time 'if of the cross-section of the slug which was at location 
X at time 'if = 0 as 
x(X,t)=x+v'if+it(X,t) for -h.-::;X-::;O (5.1) 
and the cross-section of the rod which was at location X at time t = 0 as 
Then the equation of motion in the slug is 
oil o2it 
oX = p at?' 
and the equation of motion in the rod is 
oa- o2ij 
--p-oX - at?' 
for (5.2) 
(5.3) 
(5.4) 
We model both slug and rod as standard linear solids so that the equation 
of viscoelastic stress related to it in the slug is 
(5.5) 
and the equation of viscoelastic stress related to ij in the rod is 
" " oa- E- (oij "o2ij) 
eT + J.t--;:; = -v + 7]--v 
at oX 8toX 
(5.6) 
The derivation of the equation (5.5) is given in Appendix A. 
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We now define the non-dimensional quantities x, X, t, u, ii., a, a, tt, P, 7], fI by 
the non-dimensionalising scheme below, 
if; = hsx, 
v V h U= - sU, 
C 
v hs 
7] = -7], 
c 
!t = hsx, 
" V h -u = -=- sU, 
C 
" hs _ 
7] = -=-7], 
c 
x = hsX, 
iT = Ea, 
" hs _ 
tt = -=-tt, 
c 
v hs 
t= -t 
c 
if = Ea, (5.7) 
If we now use (5.7) to non-dimensionalize equations (5.1) and (5.2) for 
if; and !t, the non-dimensional displacements x and x are given by 
v 
x = X + - (t+u(X,t)) 
c 
v 
x = X + -aii.(X, t) 
c 
(5.8) 
(5.9) 
We then non-dimensionalize (5.3 - 5.6) to obtain the non-dimensional equa-
tions of motion and stress-strain relations 
where 
oa V ff2u 
oX = C {)t2 
oa V (ou ff2u ) 
a + tt {)t = c oX + 7] {)toX 
c 
a=-
C 
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(5.10) 
(5.11) 
(5.12) 
(5.13) 
(5.14) 
5.3 General Solutions 
In order to solve for the additional displacements u and u of the waves prop-
agating in the slug and the rod, we take Laplace transforms of the equations 
(5.10), (5.11), (5.12) and (5.13) with respect to t and solve the differential 
equations for the transformed displacement u and :a in the s domain. 
Taking the Laplace transform of the non-dimensionalized equations (5.10) 
and (5.12), after differentiating (5.12) with respect to X, gives 
d!i V_ 2 
-=-us 
dX c 
(5.15) 
(5.16) 
where 
(5.17) 
Equating (5.15) and (5.16) yields the differential equation below for u(x, s) 
d2-2() U - 2 f3 S dX2-us =0 (5.18) 
Solving (5.18), we obtain the general solution for the transform of the addi-
tional displacement U(X, s) in the slug, 
.x .x 
u(X, s) = a(s)eil{i! + b(s)e-il{i! (5.19) 
Repeating the same process for the equations (5.11) and (5.13) gives the 
general solution :a(X, s) for the transform of additional displacement in the 
rod, 
where 
.- _ w.K _W.K 
u(X,s) = d(s)e P(') + f(s)e P(·) 
(32(S) = 1 + Ctijs 
1 + CtJl.s 
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(5.20) 
(5.21) 
5.4 Boundary Conditions 
In order to find a(s), b(s), f(s), and d(s) in (5.19) and (5.20), we apply the 
boundary conditions described below. 
1. The interface conditions state that the particle velocity in the slug and in 
the rod have to be the same at X = 0, that is 
ail. 01'1 V+ at (0,0 = at (0,0 (5.22) 
In non-dimensional form, the above equation becomes 
8u au 
1+-=a-
at at 
(5.23) 
then we Laplace transform equation (5.23) and substitute from (5.19) and 
(5.20), we obtain 
1 
- + s[a(s) + b(s)] = sa[d(s) + f(s)] 
s 
(5.24) 
2. At the interface X = 0, the stress in the slug and in the rod must be 
the same so we have 
If we non-dimensionalize and take the Laplace transform of the above equa-
tion we have 
(5.25) 
since 
CJ - V dfi rP(s) 
cdX 
(5.26) 
~ ~ :!iJ2(s) 0- - (5.27) 
Substituting the derivatives of (5.19) and (5.20) at X = 0 into the equation 
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(5.25), gives 
z,B(s)[a(s) - b(s)] = a,B(s)[d(s) - f(s)] (5.28) 
3. When the wave in the slug reaches the boundary X = -1, the stress in 
the slug at X = -hs is zero, that is 
a=O 
Non-dimensionalize and take the Laplace transform of the above equation to 
obtain 
( V du 2()) E ~ dX,B s = 0 
Substituting (5.19) at X = -1 into the above equation, we obtain 
spcV,B(s) (a(s)e-Wi - b(s)eWi ) = 0 
4. The stress in the rod at X = ahs is zero, that is 
iJ'=0 
(5.29) 
Non-dimensionalize and take the Laplace transform of the above equation to 
obtain 
E (~ ;;iJ2(s)) = 0 
Substituting (5.19) at X = a into the above equation, we obtain 
sacpV,B(s) (d(s)e;~) - f(s)e - ;('.») = 0 (5.30) 
Equations (5.24), (5.28), (5.29) and (5.30) give foUr equations in the four 
unknowns a(s), b(s), d(s) and f(s). Solving for these unknowns and substi-
tuting into (5.19) and (5.20) gives the additional displacements u and :a in 
the Laplace transform domain, 
(5.31) 
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~ z,B(s) sinh(/3(S)) cosh( ;8'(:) (X - a)) 
U= --~~------------~~----~~----------------~ 
as2 (z,B(s) sinh(/3(s)) cosh(~(s») + jj(s) sinh(;(:)) cosh(/3(s))) (5.32) 
Having found the general solutions (5.31) and (5.32) for the displacement 
in the slug and the rod in the s-domain, we then can derive the equations for 
the stress and the velocity in the slug and the rod. To do this, we use the 
complex inversion formula to invert the transforms. As the general solution 
in the Laplace transform domain is particularly complicated, we consider its 
inversion in certain special cases. 
In solving for stress and velocity, we are considering a slug traveling at 
speed V which impacts a semi- infinite rod. These solutions apply provided 
the interface stress remains compressive. If the stress at the interface becomes 
tensile, then the solution is no longer valid since there can be no tensile stress 
at the interface. It is then necessary to modify the solution by introducing 
waves traveling away from the interface in the two bodies, in such a way as 
to maintain the interface stress at zero. If the stress is compressive, then the 
slug and the rod will remain in contact until such time as the stress drops to 
zero. 
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Chapter 6 
Discontinuity Analysis and 
Perturbation Solution for 
Impact Problem 
6.1 Viscoelastic Discontinuity 
6.1.1 Introduction 
In this chapter, we apply the viscoelastic discontinuity and perturbation 
techniques to the problem discussed in chapter 5. In the discontinuity anal-
ysis we consider both the slug and the rod to be viscoelastic materials. We. 
look at the moving discontinuities in stress and velocity using the impulse-
momentum relation [8J and the kinematical condition of compatibility [8J 
which are discussed in chapter 3. We apply the regular perturbation method 
to approximate the stress and velocity after the impact for a viscoelastic slug 
impacting an elastic rod. Lastly, we apply the multiple-scales perturbation 
method in order to examine more closely the approximation of the stress and 
velocity. 
6.1.2 Moving Discontinuities in Stress and Velocity 
Assume there are discontinuities in V, € and iT across the surface : = U. 
Let a-, v- and C denote stress, velocity and strain, respectively behind 
the moving surface U while a+, v+ and €+ denote stress, velocity and strain, 
respectively ahead of the moving surface shown in figure (3.1). As the surface 
moves, we consider the change of momentum between the times t and t + 8t 
where the velocity of the mass pAU 8t changes form v+ to v- to give the 
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change as 
pAU (v- - v+) M. 
The change in momentum, must equal the impulse of the net force which 
gives (a+ - a-) A8l' = pAU (v- - v+) 8l' 
We non-dimensionalise equation (6.1) and obtain 
Considering equation (3.11) and replacing [J by U, we obtain 
U[!]+[dt]=O 
Substituting f by u in equation (6.4) gives 
_ [v] = [E] 
U 
(6.1) 
(6.2) 
(6.3) 
(6.4) 
(6.5) 
Considering equation (3.16) for the non-dimensional stress-strain relation of 
viscoelastic material and replacing fi, p, and c by 'f/, P, and c respectively, we 
obtain 
(6.6) 
Eliminating [a] and [E] in equations (6.3), (6.5) and (6.6) gives 
(6.7) 
which gives U = ±jit. 
Applying the same procedures as in chapter 3, from equation (3.19) to 
(3.23), we obtain 
2 [8v ] 8 [v] [ 8v ] 
-U[v] + p,U - - 2p,U -[v] = -- + 1) -ax 8t U ax (6.8) 
Further simplification, reduces equation (6.8) to 
8 ~ (~-1) [v] -[v] 
-8t 2p, U2 
- } e- -~) [v] (6.9) 2 1) p, 
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Equation (6.9) integrates to give the variations of the jump in [v1 as we 
move with the front, in the form . 
~t [v1 = [v1oe 2," (6.10) 
where [v1o is the value of the jump at time t = o. It follows from equations 
(6.3) and (6.5) that 
~t [u1 = [u1oe 2," 
which agrees with the result of Morrison [111. 
(6.11) 
(6.12) 
These show that for 1] = 0.02 and J.L = 0.01, the discontinuity is reduced to 
1 % of its initial value in a time t "'" 0.2 by which time the front has travelled 
a distance of t the length of the slug. On the other hand for 1] = 20 and 
J.L = 10, the discontinuity is still 96% of its original value at t = v'2 when the 
discontinuity has been reflected from the free surface of the slug and returned 
to the interface. 
We now apply the results to the impact problem where we solve the 
viscoelastic equations in the rod and slug subject to the boundary conditions 
1+v - av 
azu - 0-
(6.13) 
(6.14) 
At impact, we will have a discontinuity in velocity in both slug and rod 
and a discontinuity in stress. From (6.13) and (6.14), these are given by 
1 + [v1o - a[v1o 
az[u1o - [0-10 
(6.15) 
(6.16) 
There will be a discontinuity in the slug along ~ = -U and in the rod 
along ::; = (j and from the results in equation (6.3), we obtain 
[u1o UV - -[v1o 
c 
(6.17) 
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[a1o - _a2 U!" [v1o (6.18) 
c 
where U = If; and U = ~ J¥,. Eliminating [v1o using (6.15) and (6.17) 
gives 
[v1o 1 (6.19) - 1 + Uz 
nU 
1 (6.20) 
-
1 +zjfl 
1 (6.21) 
- 1 + z* 
with 
[a1o V If; (6.22) -
Cl +zjfl I'~ 
V If; (6.23) 
-
C (1 + z*) 
and in the rod 
[v1o 
zlf; (6.24) 
a (J¥, + zlf;) 
z* (6.25) 
- a(l + z*) 
with 
[a1o V 
zlf; 
(6.26) 
-
Cl + zjfl I'~ 
V zlf; (6.27) 
- c (1 + z*) 
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These results agree with those obtained at the interface at time t = 0 
using the limit theorem (initial value theorem) for the Laplace Thansform 
solutions (5.31) and (5.32). 
We can now follow the discontinuity as it moves through the slug. It 
will reach the free end (X = -1) at time t = J;r = /'f, at which time the 
magnitudes will be 
[a] = v V¥. ---'=----'---,==e 2Tl.,jiiji 
c l+z ~ V/iif 
(6.28) 
(6.29) 
The stress-free condition at X = -1 requires a reflected pulse to travel 
back along : = U with its stress discontinuity being equal and opposite to 
that given by (6.29). Since the discontinuity in v is now related to that in a 
by equation (6.3), [v] is still given by equation (6.28). This reflected pulse 
will reach the interface at time 2/'f, at which time the jumps in v and a are 
given by 
[v] = 1 .!l.::g. ---,==e 'fIvrfJi l+z~ (6.30) 
(6.31) 
In the discussions of chapters 7, 8, 9, we will be investigating the initial . 
stress and velocity for viscoelastic discontinuity in more detail. Furthermore 
we will also be making comparison between the predicted viscoelastic dis-
continuities and the actual results. 
6.2 Perturbation 
6.2.1 Introduction 
Whilst the discontinuity analysis gives information about the wave front, it 
does not provide an alternative solution of the full equations. A different 
approach is possible in the case when the non-dimensional parameters 1], /L, 
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fj and p. are either very large or very small compared to unity. It is possible 
to apply the regular perturbation method to derive an approximate solution. 
Here we consider the case of the viscoelastic slug and elastic rod (fj = 0, 
p. = 0) when TJ » 1 and J.L » 1 with ~ of order 1. 
6.2.2 Regular Perturbation 
In investigating the displacement u in the slug for J.L » 1, the regular pertur-
bation method is applied [10]. Consider the equation of motion (5.10) and 
the equation (5.12) between stress and strain, respectively. 
If J.L » 1 and we let ~ = E « 1, then from equation (6.33), we obtain 
!:.O" + 80" = V (!:. 8u + ~ [J2u ) 
J.L &t c J.L 8X J.L &t8X 
We let p2 = ~ and equation (6.34) becomes 
80" V (8u 2 [J2u ) 
w+ &t = c E8X +p &t8X 
We look for solutions of equation (6.32) and (6.35) of the form 
0" - 0"0 + EO"I + E20"2 + .. . 
u - Uo + EUI + E2U2 + ... . 
From (6.32), we obtain 
80"0 + E 80"1 + E2 80"2 + ... = V ([J2Uo + E [J2uI + E2 &!4 + ... ) 
8X 8X 8X C &t2 &t2 &t2 
From (6.33), we obtain 
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(6.32) 
(6.33) 
(6.34) 
(6.35) 
(6.36) 
(6.37) 
(6.38) 
(6.39) 
Equate the coefficients of eO in equation (6.38) and (6.39) and we obtain 
aao V EPuo 
aX= c 8t2 
aao V 2 EPuo 
-=-p--8t c 8taX 
(6.40) 
(6.41 ) 
Taking partial derivatives with respect to t of equation (6.40) and with 
respect to X in (6.41), we obtain 
aao V Ef3Uo 
8taX = C 8t3 (6.42) 
aao V 2 Ef3Uo 
aX8t = cP 8taX2 (6.43) 
Equating equations (6.42) and (6.43), and integrating once with respect to 
t, we have 
(6.44) 
The solution of equation (6.44), which represents a wave travelling away 
from the interface in the slug, is 
(6.45) 
provided there is no wave moving in the positive direction in the slug. From 
equation (5.4), the equation of motion in the rod is 
aij. 2 V a2 fJ. 
aX = Cl C 8t2 
Considering the rod to be elastic, then the stress in the rod is 
For the rod, we let 
V8fJ. 
u=--c aX' 
u - Uo + eUI + e2U2 + .. . 
u - Uo + eUI + e2U2 + .. . 
Taking the derivative of (6.47) with respect to X we obtain 
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(6.46) 
(6.47) 
(6.48) 
(6.49) 
8{f V 82u 
8X = C 8X2 
and equating (6.46) and (6.50), we obtain 
From (6.51), we obtain 
[J2u 2[J2u 
8X2 = 0 {)t2 
u Uo u Ul 2 u U2 2 u Uo u Ul 2 u U2 <>2- <>2- <>2- [<>2- <>2- <>2- ] 
8X2 + € 8X2 + € 8X2 + ... = 0 {)t2 + € {)t2 + € {)t2 + ... 
By equating the coefficients of €o, we obtain 
82uo 282uo 
8X2 = 0 ()t2 
Solving equation (6.53), we obtain 
uo = fo(t - oX) 
(6.50) 
(6.51) 
(6.52) 
(6.53) 
(6.54) 
provided that there is no wave moving in the negative direction in the rod. 
So from (6.47), we deduce 
(6.55) 
Next we consider the boundary conditions, at X = O. From equations (5.23) 
and (5.25) respectively, we obtain 
l+ 8uo _ 
at 
8fio 
o-
at 
ozao - (fo 
(6.56) 
(6.57) 
Substituting ~, W, ao and <fo into the boundary conditions, we obtain 
1 + g~(t) 
oz V pg~(t) 
c 
- of~(t) 
V-
- -o-=-fMt) 
c 
Solving for !o(t) and Io(t) and integrating, we obtain 
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(6.58) 
(6.59) 
!o(t - oX) 
X 
go(t+ -) -
P 
(6.60) 
(6.61) 
Equating the coefficients of El in equation (6.38) and (6.39), we obtain 
and 
oal V 02Ul 
oX = -C (}t2 
oal _ V (ouo 2 02Ul ) 
ao + (}t --C oX +p (}tOX 
respectively. By simplifying equation (6.63), we obtain 
(6.62) 
(6.63) 
oal V 2 02Ul V 1 H(t + X) + V P H(t + X) (6.64) 
(}t = -cP (}toX - c p(l + zp) P c (1 + zp) P 
o ( V 20ul) V p2 -1 X (}t al--Cp oX = CP(l+zp)H(t+p) (6.65) 
V 20ulV p2 - 1 X 
al--p -=t H(t+-) 
c oX cp(l+zp) p 
(6.66) 
Taking the derivative of equation (6.66) with respect to X, we obtain 
oal V 202Ul 
oX = -cP OX2 
Equating equations (6.62) and (6.67), we obtain 
02Ul 202Ul 
(}t2 = P OX2 
Then the solution of equation (6.68) is 
X X 
Ul = fl(t+ -)H(t+-) 
P P 
Equating the coefficients of El in equation (6.52), we obtain 
CPUl 2021£1 
8X2 = 0 &2 
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(6.67) 
(6.68) 
(6.69) 
(6.70) 
The solution of equation (6.70) is 
UI = Mt - aX)H(t - aX) 
The boundary conditions at X = 0 are 
Substitute Ul> UI, 0"1 and al in the equation (6.72) and we obtain 
f{(t) 
- pi't + - t V ( (P2 1)) 
c I() p(l+zp) 
Solving for f;(t) and integrating, we obtain 
Mt) = _ Z(p2 - 1) t2 
2p(1 + zp)2 
(6.71) 
(6.72) 
(6.73) 
(6.74) 
(6.75) 
(6.76) 
Substituting for Uo and UI in (6.36), we obtain the displacement u(X, t, €) 
(t+X) X (t+~y(P2-1) X 
U = - v H(t+ -) - € 2 (1 )2 zH(t+ -) + O(€2) (6.77) 
l+zp p p+zp p 
Taking the derivative of the equation (6.77), we obtain 
8u 1 X (t+ K)(P2 - 1) X 
et 
=-1 H(t+-)-€ (Iv )2 zH(t+_)+O(€2) 
+zp p p +zp P 
(6.78) 
So the velocity of the slug is 
8u 1 X (t + X)(P2 - 1) X 
1+ et = 1- H(t+-)-€ (; )2 zH(t+_)+O(€2) (6.79) 
l+zp p p+zp p 
The term of order € in (6.79) increases monotonically with (t + ;) and 
the perturbation solution is not universally valid. In order to overcome this 
problem, we choose a multiple scales approach to the solution as described 
in the next section. 
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6.2.3 The Method of Multiple Scales 
The objective of applying the method of multiple scales is to avoid the in-
troduction of non-uniformities associated with expansions of functions by 
preserving the combinations Et, E2t, E3t, etc. as variables on which these 
functions depend [14]. Using these combinations, so that the solutions will 
be expressed in term of E and t. In applying the multiple scales method to 
our problem, we define 
To = t and (6.80) 
So that, 
u(t; E, X) = u(t, Et; E, X) = u(To, TI ; E, X) (6.81) 
(6.82) 
Then we take first and second partial derivative of u and a with respect to 
t to obtain 
and consider 
u = Uo (To , TI , X) + EUI(To, TI , X) + .. . 
a = ao(To, Tb X) + EaI (To, Tb X) + .. . 
We substitute (6.85) into the equation of motion (5.10) to obtain 
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(6.83) 
(6.84) 
(6.85) 
(6.86) 
(6.87) 
(6.88) 
(6.89) 
oa V [{flu {flu 2 {flu] 
oX = ~ aT;; + 2£ aTlaTO + £ aT? 
Then substituting (6.88) and (6.89) into (6.90), we obtain 
oao 
+ aTo 
By equating the coefficients of £0 in equation (6.91), we obtain 
8ao V 82uo 
oX = ~ aT;; 
Similarly from equation (6.92), 
oao V 2 o2uo 
-=-p 
aTo c aTooX 
Eliminating ao from (6.93) and (6.94) gives 
(6.90) 
(6.91) 
(6.93) 
(6.94) 
o2uo 202Uo 
&.2 = p OX2 (6.95) 
o 
and the solution for the second order partial differential equation (6.95) 
which represents a reflected wave in the slug is 
Uo = 90 (To + ; ,TI) (6.96) 
We equate the coefficients of £1 in equations (6.91) and (6.92) to obtain 
oal = V ({fluI + 2 o2uo ) 
oX C err;; aTlaTO 
(6.97) 
from equation (6.91) and 
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oal oao V ( 2 02UI 2 o2uo QuO) 
OT
o 
+ OTI + ao = -;;- P OTooX + P OTloX + oX 
(6.98) 
from equation (6.92). Simplifying equation (6.98) gives 
Integrate both sides of equation (6.99) with respect to To and differentiate 
it with respect to X to obtain 
_ ~p2~:;~ + ~ o~ [j (p2 ;:~~ + ~~ )dTo) 
V ~ [J oao dTo) - V ~ [J aodTo) 
coX OTI coX 
Equating equations (6.97) and (6.100) gives 
(6.100) 
_ V (02UI + 2 02UO ) _ V ~ [J (p2 02UO + OUO)dTo) 
c OTJ OTIOTo C oX OTloX oX 
+ V ~[JoaodTo) + V ~[JaodTo) (6.101) 
coX OTI coX 
Equation (6.94) then gives 
(6.102) 
and by substituting equation (6.102) into equation (6.101) and simplifying, 
we obtain 
202UI Q2u I Q2uo 2 a [J &uo ) 
P OX2 - OTJ = 2 OTIOTo + (P -1) oX oXdTo (6.103) 
After substituting solution (6.96) into (6.103), we obtain 
100 
Simplifying equation (6.104) gives 
Eliminating the secular terms, we get 
82g0 (To+*,T1) +p2_1890(TO+*,T1) =0 
aT1aTO 2p2 aTo 
which can be written as 
~ (890 e P:;;lTl) = 0 
aT1 aTo 
Integrating equation (6.107), we obtain 
8go 1-~2T 
_ = g'(s)e 2. 1 
aTo 
where s = To + -;. Solving for go, gives 
1- 2T 
go = g(s)e~ 1 
and by equation (6.96), 
and 
1- 2T 
Uo = g(s)e~ 1 
V 1-~2T 
ao = -pg'(s)e 2. 1 
C 
Nowequation (6.105) becomes 
282u1 &U1 _ 0 
P 8X2 - aTg -
and solving equation (6.112) for U1 gives 
U1 =!1 (TO + ~,T1) = f1(S,Td 
From equation (6.99), we solve for a1 and simplify to obtain 
V 2au1 V( 2)JauO a1 = -p - + - 1 - p -dTo 
c 8X c 8X 
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(6.106) 
(6.107) 
(6.108) 
(6.109) 
(6.110) 
(6.111) 
(6.112) 
(6.113) 
(6.114) 
From equation (6.110), we can obtain 
auo 18g(s) 1-~2Tl _= ___ e 2p 
8X p &1'0 
(6.115) 
Then equation (6.114) can be written as 
V au1 V 1 - p2 '-l T 0"1 = _p2_ + g(s)e 2 1 
C 8X c p 
(6.116) 
Equating the coefficients of £2 in equations (6.91) gives 
80"2 = V (82U2 2 82ul 82uO) 
8X2 C &1'J + &1'1&1'0 + &1'f (6.117) 
and similarly from equation (6.92) we obtain 
80"2 80"1 V ( 2 82u2 2 82ul au1) 
&1'0 + &1'1 + 0"1 = C p &1'08X + p &1'18X + 8X (6.118) 
Equation (6.118) can be simplified to 
(6.119) 
Integrating equation (6.119) with respect to To and differentiating with re-
spect to X gives 
_ ~p2~;~ + ~ 8~ [j (p2 ~~~ + ~~ )dTO] 
V ~ [J 80"1 dO] - V ~ [J O"l dTO] 
c 8X &1'1 C 8X 
Equating equations (6.117) and (6.120), we obtain 
(6.120) 
_ V (82U2 + 2 ~Ul + 82Uo ) _ V ~ [J (p2 82ul + au1) dTO] 
c &:rJ &1'1&1'0 art c 8X &1'18X 8X 
\ 
+ V ~ [J 80"1 dTO] + V ~ [J O"ldTO] (6.121) 
c 8X &1'1 C 8X 
Equation (6.121) can be simplified to 
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From equation (6.113), equation (6.122) becomes 
2 [Ph +p2- 1811 
OT1OTo p2 OTo 
+ g(s)e~Tl (C ;t) (1+ 3(\;t)]] (6.123) 
To eliminate the secular terms, 
Solving for h, we obtain 
11 = l(s)e';iT.+( C ;t) (1 + 3(\;t)) ] TIe 1;i T1 J g(s)ds (6.125) 
and this leads to 
For the rod, we consider 
u = uo(To, Tb X) + €Ul (To, T1, X) + .. . 
c; = c;o(To, Tb X) + €C;1 (To, T1, X) + .. . 
From equation (6.46), the equation of motion in the rod is 
8c; 2 V D2u 
8X = er C 8t2 
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(6.127) 
(6.128) 
(6.129) 
Considering the rod to be elastic, the stress in the rod is 
v 8u 
it = c 8X' (6.130) 
Differentiating equation (6.130) and equating it to equation (6.129), we 
obtain 
82u 282u 
8X2 = a &2 (6.131) 
Substitute equations (6.127) and (6.128) into equation (6.131) gives 
Equating coefficients of fO in equation (6.132) gives 
82uo 282uo 
8X2 = a 81'g 
Solving the equation (6.133), we obtain 
110 = 10(To - aX, T1) 
Equating coefficients of f1 in equation (6.132) gives 
82- 82- 82 -~_ 2~ 22 Uo 
8X2 - a 81'g + a 81'181'0 
To eliminate the secular term in (6.135), we consider 
;1 (1'o(To - aX, T1)) = 0 
Integrate (6.136) with respect to T1 gives 
810 = /,(8) 
81'0 
where 8 = To - aX. Solving for 10, we obtain 
10 = /(To - aX) 
and substituting (6.138) into equation (6.130) gives 
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(6.132) 
(6.133) 
(6.134) 
(6.135) 
(6.136) 
(6.137) 
(6.138) 
· v-
ao = -a-::-1'(To - aX) 
c 
After eliminating the secular terms, equation (6.135) gives 
82- 82-UI 2 UI 
8X2 = a aTg 
Solving for ih, we obtain 
and 
(6.139) 
(6.140) 
(6.141) 
(6.142) 
Equating coefficients of E2 of equation (6.132) and considering the solution 
(6.134) gives 
82u2 _ 282u2 2 2 82UI 
8X2 - a aTg + a aT1aTO 
To eliminate the secular term, we consider 
82UI 8 (- ) 
aT1aT
O 
= aT
1 
1,!(To - aX, Td = 0 
I'! (To - aX, T1) = g(To - aX) 
which gives 
ih = g(To - aX) 
and 
(6.143) 
(6.144) 
(6.145) 
(6.146) 
(6.147) 
Now, we substitute equations (6.110) and (6.125) into equation (6.88) to 
obtain the displacement U in the slug, 
p221T U _ g(s)e- 2p 1 
+ E[/(s)e~Tl + [ C ;/2) (1 + 3(14;2P2 )) ]Tle~Tl J 9(S)aTo] 
+ O(E2) +... (6.148) 
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and substitute equations (6.111) and (6.126) into equation (6.89) to obtain 
the stress in the slug, a. 
a _ -pg'(s)e- 2. '+ € -pf'(s)e 2 ' + - g(s)e 2. ' V p\'T [V ,-;2T V (1 -p2) ,_~2T 
C C C P 
+ ~ P [ C ;t) (1 + 3(1;t))] Tlg(s)e '~~2T'] 
+ O(€2) +... (6.149) 
Then we substitute equations (6.138) and (6.142) into equation (6.127) 
to obtain the displacement u in the rod, 
u = f(To - aX) + €g(To - aX) + O(€2) + ... (6.150) 
and substitute equations (6.142) and (6.147) into equation (6.89) to obtain 
the stress in the rod, et, 
V - V - 2 
et = -a-::- f'(To - aX) + m-::-g'(To - aX) + O(€ ) +... (6.151) 
c c 
Then, we substitute To = t and Tl = €t into the equations (6.148), (6.149), 
(6.150) and (6.151) to obtain 
,p\'t ,p\'t 
U 
-
g(s)e- 2. + €/(s)e - '. + O(€2) + ... 
V p2., t V p2.;;' t 
a - -pg'(s)e-' " + €-pf'(s)e-', 
c c 
VI - p2 -,p'';;'t 2 
+ €- g(s)e 2 + O(€ ) + ... c p 
u 
-
J(s) + €g(s) + O(€2) + ... 
V- V- 2 
et 
- -a-::- f'(s) + m-::-g'(s) + O(€ ) + ... 
c c 
Expanding the equation (6.152) gives 
u _ 9[1_€(P:;1)t+O(€2)+ ... ] 
+ €I [1 - € (p:; 1) t + O( €2) + ... ] + O( €2) + ... 
(6.152) 
(6.153) 
(6.154) 
(6.155) 
_ 9 + € [I - 9 (P:; 1) t] + O(€2) +... (6.156) 
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Expanding the equation (6.153) gives 
a = >9'[I-€(P:~I)t+O(€2)+"'l 
V , [ (p2 - 1) ( 2) ] + ECp! 1 - E 2p2 t + 0 E + ... 
V (1 -p2) [ (p2 - 1) ( 2) ] ( 2 + EC P 9 1 - E 2p2 t + 0 € +... + 0 € ) + .. . 
_ ~pg' + E~P [-g, (p:~ 1) t+ f' + (p:~ 1) g] +O(€2) + ... (6.157) 
Differentiating equations (6.156) and (6.150) with respect to t, give 
au - 2 
- = !'(t- aX) +Eg(t- aX) + O(E ) + ... &t 
(6.158) 
(6.159) 
From the boundary condition (1).23), the velocity ofthe slug and the velocity 
of the rod are equal at the interface, so that 
&u ail 1+-=a-&t &t (6.160) 
At X = 0 this gives 
1 + g'(t) + E [f'(t) - g'(t) (p:~ 1) t _ g(t) (p:~ 1) ] +O(E2) + ... 
- al'(t) + m9'(t) + o(€2) +... (6.161) 
Furthermore, boundary condition (5.25) prescribes that the stress in the slug 
and the stress in the rod are equal at the interface so that 
aza=a (6.162) 
At X = 0 this gives 
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az ~ p [g'(t) - Eg'(t) (P:; 1) t + Ef'(t) _ E (p2p~ 1) g(t)] +O(E2) + ... 
- -a ~ J'(t) - Ea ~ ij'(t) + O(E2) +... (6.163) 
c c 
Equating the terms in the equation (6.161) independent of E gives 
1 + g'(t) = aJ'(t) (6.164) 
Equating the terms in the equation (6.163) independent of E gives 
zpg'(t) = -aJ'(t) (6.165) 
Then we substitute equation (6.164) into equation (6.165), we obtain 
zpg'(t) = -1 - g'(t) 
Thus, 
g'(t) = 
1 +zp 
1 (6.166) 
Substituting (6.166) into (6.164) gives 
1_'( ) zp t = a(l + zp) (6.167) 
Now, we equate the terms in E in equation (6.161) to obtain 
ag'(t) = f'(t) - g'(t) (P:; 1) t _ g(t) (P:; 1) (6.168) 
and equate the terms in E in equation (6.163) to obtain 
g'(t) = _ zp f'(t) + zt (p2 - 1) g'(t) + ~ (p2 - 1) g(t) 
a a 2p a p (6.169) 
Equating (6.168) and (6.169), gives 
I'(t) = (P:; 1) [tg'(t) + g(t) C1:2Z;)] (6.170) 
From equation (6.166), we obtain 
g(t) = t 
1 +zp (6.171) 
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and substituting equations (6.166) and (6.171) into (6.170) gives 
, (p2 _ 1) [ 2 + 3zp ] f (t) = - 2p2 (1 + zp)2 t (6.172) 
Substituting f'(t), g(t) and g'(t) into equation (6.169) and simplifying, we 
obtain 
g'(t) = (p2 - l)zt 
2ap(1 + Zp)2 
From equation (6.167) we obtain 
- zpt 
f(t) = a(l + zp) 
From equation (6.172), we obtain 
f(t) = _ (p2 - 1) ( 2 + 3zp ) t 2 
4p2 (1 + zp)2 
and from equation (6.173), we obtain 
_ t _ _(P2 - 1)zt2 
g( ) - 4ap(1 + zp)2 
Substituting f and 9 into equation (6.152) gives 
U = - e 2p -£ t e 2p + £ + ... t _,p\1 t [(p2 - 1) (2 + 3zp) 2] _,p\1 t O( 2) 
1 + zp 4p2 (1 + zp)2 
and substituting f' and g' into equation (6.153) gives 
a - -- e 2p - -f t e 2p v P _,p2 21 t V [(P2 - 1) (2 + 3ZP)] -,z?:;!t 
c 1 + zp c 2p (1 + zp)2 
V (1 - p2)t _,p2,i't O( 2) 
- £ e 2p + £ + ... 
c p(l + zp) 
V p _,p\1 t V [(P2 - l)zt] _,p\1 t 
_ -- e 2p - €- e 2p 
c 1 + zp c 2(1 + Zp)2 
(6.173) 
(6.174) 
(6.175) 
(6.176) 
(6.177) 
+ 0(£2) +... (6.178) 
Substituting! and g into equation (6.154) gives 
_ zpt (P2 - 1)zt2 2 
U = a(l + zp) -£ 4ap(1 + zp)2 + 0(£ ) + ... (6.179) 
109 
and substituting l' and gf into equation (6.155) gives 
a= 
v zp V Z(p2 - l)t 0 2 
C 7(1-+-O.-.zp""'-) - € c 2p(1 + Zp)2 + (€) + ... (6.180) 
Expanding equation (6.177), we obtain the displacement u(X, t, €) 
u= - P _€ P +O(€2)+ ... H(t+-)(6.181) [ 
(t+ X) [(P2 -l)(t+ X)Z] ] X 
l+zp 4p(1+zp)2 p 
and expanding equation (6.178), we obtain 
a = -- +€- +O(€ )+ ... H(t+-) [
V p V [(p2 - l)(t + ;)] 2 ] X 
c (1 + zp) c 2p(1 + Zp)2 P (6.182) 
Taking the derivative of equation (6.181), we obtain 
-= - -€ P +O(€)+ ... H(t+-) ou [ 1 [(t + X)(P2 - l)Z] 2 ] X 
at l+zp 2p(1+zp)2 p (6.183) 
So the velocity of the slug is obtained from 
Figures (6.1), (6.2), (6.3) and (6.4) show the particle velocities after the first 
jump discontinuity using the perturbation method for 7J = 20 and It = 10; 
7J = 50 and It = 10; 7J = 2 and It = 1; and 7J = 5 and It = 1 respectively. 
Comparison between the perturbation method's results and the simula-
tion's results will be discussed further in chapters 8. 
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Figure 6.1: Particle velocity after the first discontinuity at the interface using 
perturbation method for Ti = 20 and J.l = 10 with several ratios of acoustic 
impedances for 0 ~ t < 2ft. 
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Figure 6.2: Particle velocity after the first discontinuity at the interface using 
perturbation method for Ti = 50 and J.l = 10 with several ratios of acoustic 
impedances for 0 ~ t < 2ft. 
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Figure 6.3: Particle velocity after the first jump discontin~ity at the interface 
using perturbation method for Tt = 2 and /.l = 1 with several ratios of acoustic 
impedances for 0 ::; t < 2A. 
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Figure 6.4: Particle velocity after the first jump discontinuity at the interface 
using perturbation method for Tt = 5 and /.l = 1 with several ratios of acoustic 
impedances for 0 ::; t < 2 .. /f 
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Chapter 7 
Impact of Elastic Slug and 
Viscoelastic Rod 
7.1 Introduction 
In this chapter we consider the stress and velocity of an elastic slug impacting 
a semi-infinite viscoelastic rod. In order to make the slug elastic, we let /3 = 1 
in equations (5.31) and (5.32). First, we expand the additional displacement 
11 in the slug using the Binomial expansion and invert the Laplace transform 
terms by using complex inversion. In the case of an impact when both 
materials are elastic (R.P.Menday [15]), the stress is tensile for z < 1 and 
compressive for z > 1 at time t = 2 when the wave has travelled backward 
and forward in the slug. The non-dimensional speed in the elastic slug is 
1 and it takes 2 time units for the wave to travel backward and forward. 
In this chapter we are concerned with determining how the viscoelasticity 
of the rod affects this behaviour. Furthermore, we also determine the time 
when the velocity in the slug changes its direction of motion at the interface. 
In some cases, although the stress is tensile at the interface, the velocity 
remains positive. We compare the results for the elastic impact produced by 
R.P.Menday [15] with our results for the impact between an elastic slug and 
viscoelastic rod. We also consider how the viscoelasticity in the rod and the 
ratio of acoustic impedance z can affect the impact. 
7.2 'Iransform Inversion 
In general, inverting the equations (5.31) and (5.32) gives the solutions for 
the additional displacements in both the slug and the rod as a function of 
time. 
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In order to simplify the inversion, we consider the special case when the 
length of the rod becomes semi-infinite and the slug becomes elastic. Then a 
approaches infinity and fJ(s) = 1. The transformed additional displacement 
U becomes 
u - cosh(s(1 + X)) 
S2 (pi'S) sinh(s) + cosh(s)) 
[es(1+X) + e-s(1+X)] 
Using the binomial expansion to expand 
we have, 
U = -"'---;~---;:-"- 1 - ~ e-2s + ~ e-4s _ (esx +e-s(2+X») [ (1 __ Z) (1_2....)2 
S2 (1 + pi'S») 1 + fj(s) 1 + fj(s) 
_ ~ e-6s + ~ e-Bs (
1- _z )3 (1 __ z )4 
1 + P(s) 1 + P(s) 
+ ... (-1)' ~ e-2rs ... (
1 __ Z)r ] 
1 + fj(s) 
(7.1) 
(7.2) 
Now we can see clearly from equation (7.2) that the additional displace-
ment of the slug, u contains unit step functions. We can rewrite this equation 
as 
U= 
( sX + -S(2+X») 00 [1 _ ..L] r e e 2)-1)' fj~s) e-2rs 
2 (1 + Z ) 1 + ~ S P(s) r=O fj(s) (7.3) 
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S b t 't t' iQ() l+<rijs· (7 3) bt . u slumg/Js = l+<>p.m . ,weo am 
VI + aT}S (e'x + e-·(2+X)) 
S2 ['1'1 + aT}s + ZVI + aiLs] 
+ VI + aiis [VI + aT}s - z..;r.I --'+-a-=2P,"'-s] (e-.(2-X) + e-.(4+X)) 
S2 ['1'1 + aT}s + ZV1 + aiLs] 
VI + aiis [VI + aT}s - zV I + ap,s] 2 ( -.(4-X) + -.(6+X)) 
e e ... 
S2 ['1'1 + aiis + zvI + ap,s] 3 
(_ )N+I vI + aiis [VI + aT}s - ZVI + ap,st + 1 . N+I 
S2 ['1'1 + aT}s + ZVI + ap,s] 
( e-.(2N-X) + e-S(2(N+I)+X)) ... (7.4) 
If we let, 
£-1 ((-1)'+1 VI +aT}s [VI +aT}s - ZV1 +~.::sr) = Gr(t) (7.5) 
S2 ['1'1 + a'f/s + ZV1 + ap,s] 
then, the position of the slug becomes 
x=X + 
+ 
+ 
+ 
+ 
+ 
~ [t + Go(t + X)H[t + X] + Go(t - X - 2)H[t - X - 2] 
G1(t +X - 2)H[t+X - 2] + G1(t - X - 4)H[t - X - 4] 
G2(t + X - 4)H[t + X - 4] + G2(t - X - 6)H[t - X - 6] 
G3(t + X - 6)H[t + X - 6}+ G3(t - X - 8)H[t - X - 8) 
Gn(t + X - 2n)H[t + X - 2n] 
Gn+l(t - X - 2(n + 1))H[t - X - 2(n + 1)]",] (7.6) . 
The functions Gr(t) in (7.6) will 'switch' on at a certain values of time 
t. For example, Go{t - X - 2)H[t - X - 2] will switch on when t = 1 and 
X = -1 and G1(t+X -2)H[t+X -2] will switch on when t = 2 and X = O. 
7.3 Evaluation of Go{t). 
We begin by finding Go(t), the Laplace inverse of 80 (s) using the complex 
inversion formula. 
115 
--- -----------------------------------------------------------------------
Go(t) _ -. estGo(s)ds 1 l'1'+ioo 27r~ 'I'-ioo 
1 l'1'+ioo -y'1 + aiisest 
- 27ri 'I'-ioo S2 [y'1 + (xf/s + zy'1 + a/-Ls] (7.7) 
To do this we consider a Bromwich Contour curve in the left half of the 
complex plane, noting from equation (7.7) that there are branch points of 
the integrand at s = ~~ and s = ~~. We make a cut along ~~ and ~~, and 
modify the contour in order to avoid crossing the branch cut as shown in 
figure (7.1) by making indents at the branch points. We let n be a closed 
contour ABCDEFGHJKLMA and r be the contour of BCD, DE, EF, FG, 
GH, HJ, JK, KL, LMA, shown in figure (7.1). In the closed contour n, there 
is a second degree pole at s = 0 and poles when the denominator of the 
integrand in equation (7.7) is equal to zero. Then it follows from (7.7) that 
since T = JR2 - <p2, 
since 
Go(t) - 1 l'1'+iT ~ !im -. estGo(s)ds 
R_oo 21ft lP-iT 
_. !im [21 . 1 estGo(s)ds - 21 .1 estGo(S)dS] 
R_oo 1ft In 1ft r 
- Lresidues inside n - 21.1 estGo(s)ds 
7r~ r 
- L residues inside n - f - f -1 
lBCD iDE EF 
- f ds+ f ds+1 ds+1 ds 
iBCD iDE EF FG 
(7.8) 
(7.9) 
(7.10) 
(7.11) 
+ 1 ds+ f ds+ f ds+1 ds+ f ds(7.12) 
GH iHJ iJK KL iLMA 
Details of the calculation of the complex integral (7.12) are given in Ap-
pendix E from which we obtain 
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Figure 7.1: Closed contour n 
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r estCo(s)ds = 2izl;;~ y'-(1 + Q1]s)y'(1 + Q/-Ls)est ds Jr -! S2 [1 + Q1]s - z2(1 + Q/-Ls)] 
". 
Now we calculate the residue of 
stG~ ( ) _ -Jl + Q1]sest 
e 0 s - -:-;;-~~~~~~O;=;==='\) S2 (Jl + Q1]8 + zJl + QPS 
(7.13) 
There exists a pole of degree 2 which is inside n at s = 0 and the residue is 
lle8(estCo(s),0) = 1 d [ _S2 Jl + Q1]se
st ] 
(2 -I)! ds S2 (Jl + Q1]8 + zJl + Q/-Ls) 8=0 
-Qz(f) - p) - 2t(1 + z) 
2(1 + Z)2 
Although Jl + Q1]S + zJl + Q/-LS appears to be zero at S = (22-1 2), a T]-J.I,z 
S = t 12) is not a pole because when we substitute S in 
a p.-1JZ 
y'1 + Q1]8 + zy'1 + Q/-LS = 0, 
and take the correct signs into account we see that J f)-P J f)-P Izl f) _ pz2 f -z f) _ pz2 
So, there is no pole at 8 = ,,(;2~~2)' Then 
1 l'1'+iR ~ Go(t) = lirn -. estGo(s)ds 
R_oo 27ft cp-iR 
_ LResidue inside n - 21. r estCo(s)ds 
7rZ Jr 
_ -Qz(f) - It) - 2t(1 + z) __ 1 r stC ( )d 
2(1 + Z)2 27ri}r e 0 s s 
and substituting (7.13) into (7.14) gives 
Go(t) = -Qz(f) - p) - 2t(1 + z) 
2(1 + z)2 
:'1;;~ y'-(1 + Q1]s)y'(1 + Q/-LS ) est ds 
7r -! 82 [1 + Q1]8 - z2(1 + Q/-L8)] 
". 
(7.14) 
(7.15) 
At t = 0, 
G -az(ry-ji,) 1 (2'1~~ y'-(l+a1JS)y'(l+aILS)d) o 0 = - -. 2Z s 7.16 ( ) 2(1 + z)2 2m -;;~ S2 [1 + a1Js - z2(1 + aILs)] ( ) 
In order to evaluate 
. 1~~ y'-(1 + arys)y'(l + aILs) d 
22Z S 
-! S2 [1 + a1Js - z2(1 + ajis)] 
." 
(7.17) 
we let a = - ;~, b = - ;w Then the integral ( 7.17) becomes 
2' V a b ab d l a . /-1 + (1 + !) s - 8
2 
2Z b s2[(1-z2)-s(~-z:)l s (7.18) 
Making the substitution 
b+a b-a. 
s - -2- = -2- sm(O) 
reduces the integral (7.18) to the form 
= 4iz/ab(b - a) r'!; cos2(O) dO () 
(b+a)2(b+az2) i'f (1 +,sin(O))(l +8sin(O))2 7.19 
2 
where b-az2 b-a 
,- 8---
- b+az2' - b+a 
After simplifying the integrand in equation (7.19) by using partialJractions, 
we obtain 
r'!; cos2(O) dO = 7r(b + a)2(b + az2) (7.20) 
if; (1 + ,sin(O))(l + 8 sin(O))2 4(ab)~(z + 1)2 
The integral (7.20) is evaluated in Appendix G. 
So, 
1 fe d (1) 4/ab(b-a)iz [7r(b+a)2(b+aZ2)] 
27ri}r o(s) s= 27ri (b+a)2(b+az2) 4(ab)~(z+1)2 
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At t = 0, 
aZ(fj - [L) 
2(1 + z)2 at t = O. 
aZ(fj - p.) 1 r ~ 
Go(O) = 2(1 + Z)2 - 27ri ir Go(s)ds = 0 
For t + X -:f 0, we need to evaluate the integral numerically. 
Go(t+X) - aZ(fj-[L) t+X ---2(1+z)2 1+z 
Z rJ-1+(~+i)s-£e'(t+X)d 
-; ib S2 [(1- z2) - S U _ z:)) s (7.21) 
In order to determine the velocity in the slug, we differentiate equation (7.21) 
to obtain 
1 a J -1 + (1 + 1) s _ ,2 es(t+X) I Zl a b ab GO(t + X) = --- - - 1 2 ds 
1+z 7r b s[(1-z2)-s(ii- Zb)) (7.22) 
After finding Go(t + X), we can find the wave propagation in the slug for 
t < 2. In order to study the wave beyond t = 2, we need to find G1(t+X) or 
use a different method. We have tried to calculate G1(t + X) from equation 
(7.5) but the equation G1(t+X) becomes complicated and we have to look for 
another technique to solve it. In order to calculate Gr(t+X), the residues of 
estGr(s) at s = 0 for r = 1,2,3, ... N have been calculated analytically and are 
given in Appendix F. So far, from this method, we can determine the stress 
and the velocity for t < 2 and determine the ratio of acoustic impedances, 
Z when the stress become tensile. Moreover we also can determine the ratio· 
of acoustic impedances Z when the velocity changes its sign from positive to 
negative. 
Now we apply another method to find the stress and velocity and deter-
mine the time t when the interface stress becomes tensile and when the in-
terface velocity changes its sign from positive to negative. With this method 
we are also be able to look at the stress and velocity beyond t = 2. In order 
to determine the response of the system, we need to invert the Laplace trans-
forms of the stress and velocity equations of the slug. To find the inverse 
Laplace transform, we apply the complex inversion formula [6] as described 
in chapter 2. We first consider the general case when both slug and rod are 
viscoelastic. Then we apply the Bromwich contour to lay-out the calcula-
tion of the complex integrals along the contour and determine the poles and 
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branch points. Secondly, we compute the residue of the simple pole and nu-
merically compute the rest of the residues and the complex integral. In this 
chapter, we first consider an elastic slug impacting a viscoelastic rod where 
1] = 0, IL = 0, ij # 0 and jl # O. Later in chapter 8, we consider the slug is 
viscoelastic and the rod is elastic where 1] # 0, IL # 0, ij = 0 and jl = 0 and 
finally in chapter 9, we consider both materials are viscoelastic where 1] # 0, 
IL # 0, ij # 0 and jl # o. 
7.4 The stress in the slug 
In this case, our main objective is to determine if and when the slug and the 
. rod part company. In order to do that, we need to examine the stress at the 
interface. 
The Laplace transform of the stress in the slug is given by 
(7.23) 
Putting the constant E';' = 1 and considering the general solution of the slug 
displacement equation (5.31), the solution (7.23) in the case when a -> 00 
gives 
s [z~~) sinh C3(S») + cosh (fj(S») ] a(X,s) = 
f3(s) sinh (fj(S) (1 + X)) 
(7.24) 
In order to find the stress as a function of time, we have to invert the 
solution (7.24). To do this we use the complex inversion formula [61. 
7.4.1 Complex inversion 
The inverse Laplace transform of equation (7.24) is 
a(X,t) = 
(7.25) 
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The integrand in equation equation (7.25) has two branch points at 8 = -;:;~ 
and 8 = -;:;~ for fj and another two at 8 = -;,1 and 8 = -;,1 for (3 and a first order 
pole at 8 = O. In order to make the integrand single valued it is necessary to 
introduce cuts associated with these branch points. However a(X, s) is an 
even function of (3(8) so it is not necessary to make branch cuts at s = -1 I' 
and 8 = -;,1. The integrand can be made single valued by a branch cut from 
-;:;~ to -;:;~. Now we consider if> to be the closed contour ABCDEFGHJKLMA 
and r to be the contour of BC, CD, DE, EF, FG, GH, HJ, JK, KL, LM, LA, 
shown in figure (7.2). Then 
1 l'Y+iT u(X, t) = lim -. esta(X,8)d8 
R-oo 27ft 'Y- iT 
Consider 
_ lim [2., 1 eS'iiJ(X,8)d8- 2., {esta(X,8)dS] 
R_oo 27r~ j", 27r2 lr 
- L residues inside if> - 21. { esta(X, s)ds 
7r2 lr 
- L residues inside if> - { - j - ( -1 
lBC CD lDE EF 
(7.26) 
(7.27) 
(7.28) 
(7.29) 
(3(s) sinh (illS) (1+ X)) 
f(s) = (7.30) 
s [1t~) sinh (illS») + cosh (illS»)] 
On r we have rf(s)1 ::; %< where k> 0 and M are constants. 
For the calculation of the complex integral along BC, we let s = ReiO for 
00 ::; 0 ::; ~. Then we have 
1=1 est f(s)ds 
BC 
• 
_ (2 eM9tf(ReiO)iReiOdO 
loo 
III < {'tf le(RcosO)tllei(RsinO)'IIf(ReiO»)IIiReiO)ldO 
loo 
• 
< (2 e(RcosO)tlf(ReiO»)IRdO 
loo 
< ~ {'i e(RcosO)tdO 
Rk-l loo 
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(7.31) 
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Figure 7,2: Closed contour <I> , 
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y+iT 
y-iT 
A 
x 
Let B = ~ - </>, we have </>0 = ~ - Bo = sin-I(-yj R) and 
~ 1~ e(Rcos9)tdB = ~ l<pO e(Rsin</»td</> 
Rk-I 90 Rk-I 0 
Since sin{</» ~ sin{</>o) ~ cos{Bo) = 11, we have 
(7.32) 
Me-rt . -I (') 
- Rk-I sm R (7.33) 
and 
(7.34) 
So, we have fBcestf{s)ds = O. 
For the calculation of the complex integral along CD, we let s = Rei9 for 
~ ~ B ~ 7T. Then we have 
10 = 1 est f{s)ds 
CD 
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Let B = ~ + </>, we have cos{</» = - sin{</». Then 
(7.35) 
~ r e(Rcos9)tdB < ~ 1~ e-(Rsin</»td</> (7.36) 
Rk-I J'l. - Rk-I 0 
2 
Since sin{</» 2: ¥ for 0 ~ </> ~ ~ (The proof is shown in Appendix H) and 
If{s)1 ~ %-
and 
lim M7r (1 - e-Rt ) = 0 
R~oo 2Rkt 
So, we have fCD est f{s)ds = O. 
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(7.37) 
(7.38) 
The calculation of the complex integral along LM is similar to the integral 
along CD. So 
f estf(s)ds = 1 estf(s)ds = 0 
JLM CD 
(7.39) 
and the calculation of the complex integral along MA is similar to the integral 
along BC. So we have 
f estf(s)ds=l estf(s)ds=O 
JMA BC 
(7.40) 
For the integral along DE and KL 
1 1 l -..L-' -(3(s) sinh ( __ 8 (1 + X)) est np ~(s) estf(s)ds+ estf(s)ds= ds DE KL -R S [z;~si sinh (~(S») + cosh (p(S»)] 
l -R -(3(s) sinh (~(S) (1 + X)) est + ds = 0 
-n'p-'s [Z;~i) sinh (~(s») + cosh (~(s»)l 
For the integral along EF, we let s = fe iO - ~i'. So the integral along EF is 
given by 
1-n'p+' -(3(s) sinh (~(S) (1 + X)) est ~------~~~----7-~ds 
- ;p -E s [Z;~) sinh (f3(S») + cosh (f3(S»)] 
10 -(3(s) sinh (ilfu(l + X)) e(Eei9-;!p)tife iO 
= -~(feiO- ~i') [Z;~)Sinh(f3(S») +cosh (f3(S»)] dB = 0 
as f -+ O. Similarly for the integral along JK, 
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(7.42) 
(7.43) 
(7.41) 
as € ---+ 0, 
where _8- = (€ei9 _ ...!,,) I'(s) a!, 
For the integral along GH, we let s = fJe i9 - ;ij 
as fJ ---+ 0, where I'(s) = (fJe i9 - ~) 
For the integral along FG, the value jj(s) is given by 
Since 
1
1 + aijs 1 1!i . 
e 2 = 'l 
1 + ails /3(s) = 
Hays < ° for -...!" < s < -...!" we can write 1 +aJls 01' 01] , , 
11+a~sl = 
1 + aJ.ls 
1 + aijs = -(s) 
1 + aps I 
Then along FG, /3(s) = ii(s) and along HJ, /3(s) = -ii(s) 
1 1 1_.;· -,B(s)sinh (I'(S) (1 +X)) est ds+ ds= ds FG HJ - o'p S [:~(;? sinh (I'(S») + cosh (I'(S»)] 
1-o'p ,B(s) sinh (1'(8) (1 + X)) est - ~ 
- .;. s [ ~1cW sinh (I'(S») + cosh (I'(S») ] 
So by equation (7.29), the stress in the slug is given by 
a(X, t) - L:: residues inside <I> 
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(7.44) 
7.4.2 Poles 
From equation (7.25), there is a simple pole at s = 0 and other poles at 
z~~) sinh (fJ~s») + cosh (fJ~s») = 0 (7.46) 
The residue at s = 0, when X = 0, is 
.. (s-0)fJ(s)sinh(/3(8») 
ReSIdue = lim = 0 8~O S [z~t) sinh ({3(8}) + cosh ({3(8}) ] 
In the case of an elastic impact fJ(s) = 1 and iJ(s) = 1 and we see 
from (7.46) the other poles are at 
This simplifies to 
with solution 
s= { 
ztanh(s) + 1 = 0 
28 z-l 
e =--
z+l 
m + i (~ + 1fT) if z < 1 
m + i1fT if z > 1 
where m = ~ In I ~~: I and T = 0, ±l, ±2, ... ± 00. This shows that if z < 1, 
there are no roots on the negative real axis. 
For the viscoelastic impact, it is necessary to solve equation (7.46) numer-
ically. To find the roots, we used a Maple software routine which required us 
to specify the vertices of a rectangle within which the root is located. First, 
we find the first root of equation (7.46) by forming a rectangle with center 
on the negative real axis. The width of the rectangle is 1f and the length 
is some magnitude L to the left of the origin. The vertices of the rectangle 
are (-L,-~), (O,-~), (-L,~) and (O,~). By taking these dimensions of 
rectangle, we will not miss the first roots on the negative real axis if there 
is one provided that L is big enough. We choose an initial value of Land 
search for the root. If we find no root on the negative real axis, we increase 
further the magnitude of the length L to the left of the origin until we get a 
root. It is possible that the first root does not exist on the negative real axis. 
Based on the first root, we guess the following roots by changing the position 
of the rectangle. In calculating the length and width of the rectangle, we use 
the argument below. 
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In the viscoelastic case, equation (7.46) shows the other poles occur when 
ztanh(S) + 1 = 0 (7.47) 
h ~- !l(s) d -- S Th were z - z !l(.) an s - !l(s)' us 
s !3 tanh(-) =--(J z(J 
or 2. 
eP -1 !3 
2, 
eP +1 z(J 
, 
Solving for ell 
!. - ±J z(J -!3 ik7r ep - -e 
z(J + (J 
and 
JZ(J -!3 s = (Jln - + ik7r(J 
z(J + (J 
As the number of roots gets bigger or for large value of s, 
1fi z/j-1 'fi s = - -In I I +z -k7r 
2 J.L z ~+1 J.L VIJi 
where k is an integer. 
( fii Z !li!_l ) So the recommended length and width of the rectangle are ~ V ; In I z ~+l I 
and /¥.k7r respectively. These values are just a guideline to specify the di-
mension of the rectangle since the calculation above is for large value of s. 
After finding the first two roots, we look at the difference of the roots in 
guessing the dimension of the rectangle in which to search for the location of 
the following roots. In this investigation, we find that 50 roots is generally 
enough to give us 5 decimal points of accuracy at t = 2.7. As t approaches 
0, the accuracy of the result is less and the graph begins to fluctuate. 
We can check the existence of poles on the negative real axis by using the 
following argument. Rewriting (7.47) gives 
128 
with solution, 
If 
Z8 z-l 
e =--
z+l 
z-l 
-->0 
z+l 
then there is a pole on the negative real axis. With this information we can 
confirm our facts in searching for the correct roots. 
7.4.3 Residues 
After computing all the 50 poles and their conjugates, we evaluate the 
residues. For a simple pole, 
I . (s - sn)N(s) Residue = lm S~Sn sD(s) 
_ fi(s}sinh(efu:(I+X}) _ %fi(s} ( S ) . 
where N(s) - cosh(k) and D(s) - fi(s} tanh fi(s} + 1 and sn IS 
the nth root. Writing s = Sn + {) gives 
Residue 
where 
Since each pole has a conjugate except for the pole on the negative real 
axis, we only have to calculate the real part of the residues. Then we sum-up 
the residues and multiply them by two and add them with the integrals in 
equation (7.45) to get the stress for the cases which do not have poles on the 
negative real axis. For the cases which have poles on the negative real axis, 
the stress is calculated by multiplying by two all the residues except for the 
129 
residue at the pole on negative real axis where we multiply by one and add 
them to the integrals in equation (7.45). 
After calculating all the residues and all the complex integrals, we find 
the stress in the slug by simplifying equation (7.45), 
a(X, t) = L Residues 
+ 
_
z 1-;ij ~(t) sinh C3(S)) sinh (/3(S) (1 + X)) est ds 
7r - a~ S [-z2 (~~!:l) sinh2 (/3(S)) - cosh2 (/3(S))] (7.48) 
This can be evaluated numerically for the cases when the slug is elastic and 
the rod is viscoelastic, the slug is viscoelastic and the rod is elastic and 
finally for when both materials are viscoelastic. The results for the stress of 
an elastic slug impacting a viscoelastic rod are shown in figures (7.4 - 7.11) 
for the ratio of acoustic impedances z = 0.9,1.0,1.025,1.2,1.667,2.0,2.5,3.0. 
7.5 The stress in the rod 
After finding the stress in the slug, we find the stress in the rod. Because of 
the boundary conditions [see section (5.4)] that we have set up in the model, 
the stress of the slug is the same as the stress of the rod at the interface. 
Taking the derivative of the general solution of the displacement of the rod 
in equation (5.32) with respect to X, we obtain the Laplace transform of 
the stress in the rod. 
it(X, t) _ ~ dii jJ2(s) 
zdX 
,8(s) sinh (/3(S)) e~(~ 
s [ 1<~) sinh (/3(S)) + cosh (/3(S))] 
(7.49) 
(7.50) 
The stress equation (7.50) in the rod is almost identical to the stress 
equation (7.24) in the slug except for the exponential term. Using the same 
arguments as in the stress for the slug, we calculate the integrals for the 
stress in the rod. The integrals along FG and HJ in the rod are 
1· 1 1-a', -,8(s) sinh (/3(S)) e -~'(:{ est ds+ ds= ds FG HJ - a'p s [~~t:? sinh (/3(S)) + cosh (/3(S))] 
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_1-:1~ ,B(8)sinh (i3fu) e~est . d8 
aij 8 [ ~~~(1) sinh ({J(a») + cosh ((J(a»)] 
So by equation (7.45) and using the same argument used in the slug, the 
stress in the rod becomes 
_..1.. (J2(S) sinh2 (_S_) cos (aax) 
U(X, t) = ""' Residues+:.l aij [ tS») (Jt) 'j(s) estd8 L... 7r 1 2 (J2(s) . h2 s h2 ( s )] 
- ail 8 -z 'j2(S) sm (J(s) - COS (3(s) 
+~ l-~ij ,B(8)sinh(i3fu)cosh(i3fu)sin(~) estd8 
7r - al~ 8 [_Z2 (~~!:l) sinh2 ({JtS») - cosh2 ({3(S»)] (7.51) 
As indicated in the boundary conditions section (5.4) the stress in the 
slug and in the rod are equal at the interface X = O. Equation (7.48) which 
is the stress in the slug is equal to equation (7.51) which is the stress in the 
rod at X = 0 
7.6 The velocity in the slug 
In this section, we derive the equation for the velocity :. From this equa-
tion, we could investigate the velocity at any position X in the slug, and in 
particular at the interface X = O. 
The velocity at the position x in the slug is 
ox = V (1+ &(X,t)) 
at c at 
(7.52) 
The Laplace transform of the displacement u is 
~ cosh ({JtS) (1 + X)) 
u( X, 8) = - ~~----'7-'-'--,----'-----.---:-:-
82 [Zff<W sinh ({JtS») + cosh ((J(S»)] 
(7.53) 
In order to find the velocity as a function of time, we invert equation (7.53) 
using complex inversion. We use the complex inversion formula discussed in 
chapter 2 by forming a suitable Bromwich Contour curve. Then 
u(X,t) = 1 1"1+ioo -2 . estu(X,8)d8 
7r'l, 'Y-ioo 
1 1"1+ioo cosh ({JtS) (1 + X)) est 
_--. . ~(7.M) 27r~ "I-ioo 82 [Z{J(S) sinh (_a_) + cosh (_s_)] (J(s) (J(s) (3(S) 
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Figure 7.3: The Bromwich contour for velocity 
Then we consider a Bromwich Contour curve in the left half of the complex 
plane. Equation (7.54) shows that there are branch points at s = ~ and 
s = ~~ and we make a cut along ~~ and ~~, and modify the contour in order 
to avoid crossing the branch cut as shown in figure (7.3). We let rp be a 
closed contour ABCDEFGHJKLMA and r to be the contour of BCD, DE, 
EF, FG, GH, HJ, JK, KL, LMA, shown in figure (7.3). In the closed contour 
rp, there is a second degree pole at s = 0 and poles when the denominator of 
the integrand in equation (7.54) is equal to zero. Then it follows from (7.54) 
that since T = J R2 - "12 , 
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- --- ----------------------
1 17+iT u(X, t) - lim -. estu(X, s)ds 
R-oo 27rt 'T 
(7.55) 
where 
7-' 
_ lim [~1 estu(X,s)ds- 21. f estu(X,S)dS] 
R-oo 27rt!,p 7rt ir 
_ Lresidues inside </>-~ f estu(X,s)ds 
27rt ir 
_ L residues inside </> - f - f _ f 
iECD iDE iEF 
(7.56) 
(7.57) 
(7.58) 
1 cosh (:dsJ(1 + X)) est ds-
. r S2 [z~~) sinh (f3(S») + cosh (f3(S»)] 
f cosh (f3(S) (1 + X)) est iF -,~~~~~ __ --~~ __ ~ds 
FG S2 [z~~S} sinh (f3(S») + cosh (f3(S»)] 
+ f cosh (:dsJ(1 + X)) est ds 
i HJ S2 [z~W sinh (f3(S») + cosh (f3(S») ] 
fds+fds 
iFG iHJ 
_..!, - cosh (_S_(1 + X)) est 
_ 1 6" f3(s) ds 
- 6'P S2 [:~I:] sinh (f3(S») + cosh (/3(S») ] 
+ l-,'P -cosh (:dsJ(1 + X)) est ds 
- 6'. S2 [- :~I:] sinh(f3(s») + cosh (/3(S»)] . 
. l-,'ij ~1:l sinh (/3(S») cosh (f3(S) (1 + X)) est 
=~ ~ 
- 6~ S2 [_Z2 (~~1:l) sinh2 (/3(S») - cosh2 (/3(S»)] (7.59) 
There is one pole at s = 0 of degree 2 inside </> at X = 0 and the residue is 
Residue 
. d [ _S2 cosh (f3(S») est ] 
- hm-
s-o ds S2 [Z/3(S) sinh (_s_) + cosh (_._)] /3(.) f3(.) f3(s) 
- z-t 
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and using equation (7.52), we find the velocity at position x in the slug to be 
~~ - ~ [:t [L residues inside ~] 
_
z 1-';ij ~~:l sinh ({Jis») cosh ({J('S) (1 + X)) est ] 
+ ds (7.60) 
7r - ,;~ S [_Z2 (~~1:l) sinh2 ({J('S») - cosh2 ({J('S»)] 
7.7 Results 
We numerically compute the interface stress and velocity for an elastic slug 
({3 = 1) and a viscoelastic rod for two sets of viscosity parameters ratio 
namely, !! = 2 and !! = 5 from ij = 0.02 to ij = 20, ij = 0.05 to ij = 
I" I" 
50. Figures (7.4 - 7.11) show the results for several values of viscoelastic 
parameters with several values of the ratio of acoustic impedances, z. 
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7.8 Discussion 
In order to make comparisons between the actual results and the discontinu-
ity analysis, we consider (6.20) in chapter 6. We predict the initial velocity 
discontinuity at the interface for the case when the slug is elastic and the rod 
is viscoelastic to be· 
1 + [v]o - 1 1----= 
l+zft 
z· 
1 + z· 
and the initial interface stress discontinuity to be 
[0-]0 = 1 
l+zft 
1 
1 + z· 
(7.61) 
(7.62) 
The predicted initial interface stress and initial interface discontinuities are 
shown in table (7.1) for several ratios of acoustic impedances z·. In ta-
ble (7.1), we also display the initial interface stress and initial interface ve-
locity based on the long time acoustic impedances. We calculate them by 
replacing z· by z in (7.61) and (7.62). 
Figures (7.4 - 7.11) show the stress and velocity for varying values of 
viscosity time constants fi and fl in the rod and several values of effective 
ratios of acoustic impedances z·. Figure (7.4) shows that as t increases, the 
stress curves settle down and show that the initial interface stress disconti-
nuity is between the long term initial interface stress, -0.526 and the short 
term initial interface stress, -0.611 when z = 0.9 or the effective ratios of 
acoustic impedances z· = 0.636 as shown in table (7.1). When the viscosity 
time constants are fi = 0.02 and fl = 0.01, the initial interface stress is about 
-0.55 which is close to the long term initial interface stress and when the 
viscosity time constants are fi = 20 and fl = 10, the initial interface stress is 
about -0.61 which is close to the short term initial interface stress. 
Figure (7.9) shows that as t increases, the initial interface stress disconti-
nuity is between the long term initial interface stress, -0.455 and the short 
term initial interface stress, -0.651 when z = 1.2 or the effective ratios of 
acoustic, impedances z· = 0.537. When the viscosity time constants are 
fi = 0.05 and fl = 0.01, the initial interface stress is about -0.47 which is 
close to the long term initial interface stress and when the viscosity time 
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Z PLT[S P LT1V !L Z· P[SD p[PV a 
0.9 -0.526 0.474 2 0.636 -0.611 0.389 
1.0 -0.50 0 .. 50 2 0.707 -0.586 0.414 
1.2 -0.455 0.545 2 0.849 -0.541 0.459 
1.667 -0.375 0.625 2 1.179 -0.459 0.541 
2.0 -0.333 0.667 2 1.414 -0.414 0.586 
0.9 -0.526 0.474 5 0.402 -0.713 0.287 
1.0 -0.50 0 .. 50 5 0.447 -0.691 0.309 
1.2 -0.455 0.545 5 0.537 -0.651 0.349 
2.5 -0.286 0.714 5 1.118 -0.472 0.528 
3.0 -0.250 0.750 5 1.342 -0.427 0.573 
Table 7.1: P 1SD= Predicted initial stress discontinuity and p[Pv= Predicted 
initial particle velocity at the interface at t = 0 in the elastic slug for sev-
eral ratios of the effective acoustic impedances z·. P LT1S_ and PLTIv-are 
Predicted initial stress discontinuity and initial velocity discontinuity respec-
tively, based on the long time acoustic impedance z. 
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constants are ii = 50 and p, = 10 , the initial interface stress is about -0.65 
which is close to the short term initial interface stress. 
The results shown in figures (7.4 - 7.11) show that the actual initial in-
terface stress is between the long term initial interface stress and the short 
term initial interface stress as shown in table (7.1). Moreover the results 
shown in figures (7.4 - 7.11) also show that the actual initial interface ve-
locity is between the long term initial interface velocity and the short term 
initial interface velocity. As the viscosity time constants ii and p, increase, 
the predicted value in table (7.1) approximates the initial interface stress and 
the initial interface velocity better. It is shown in figures (A.3), (A.4), (A.7) 
and (A.8) that for small values of 1) and J.t (green curves), the material under-
goes rapid creep and stress relaxation over time scale which is short compared 
with the travel time of a wave in the slug. This means that the material ef--
fectively behaves like an elastic material with the long time elastic constant 
E. For large values of 1) and J.t (blue curves), the strain and stress remain 
virtually constant over the time for the transit of the wave in the slug and 
the material behaves approximately like an elastic material with the short 
time (instantaneous) elastic modulus Elf;. 
Using the results of the elastic slug impacting an elastic rod in Appendix 
I, we can predict the interface stress and interface velocity discontinuities 
at non-dimensional time t = 2 after the wave rebounds at X = -1 and 
reaches the interface. When the slug is elastic and the rod is viscoelastic, the 
predicted interface stress and interface velocity discontinuities are calculated 
by replacing z by z effective, z' = z~ in (1.9) and (1.8), respectively and 
we obtain 
- -(vii ) [alo 
z I! + 1 ~ 
= - C'~l) ~alo (7.63) 
as the interface stress discontinuity at non-dimensional time t = 2 and 
( 2Z~) [vh - - ~ ~ [vlo 
z I! + 1 ~ ( 2z· ) (7.64) 
-
- . [vlo 
z· + 1 
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z ; z' PSlJ P VlJ 
0.9 2 0.636 0.747 -0.475 
1.0 2 0.707 0.686 -0.485 
1.2 2 0.849 0.585 -0.497 
1.667 2 1.179 0.422 -0.497 
2.0 2 1.414 0.343 -0.485 
0.9 5 0.402 1.017 -0.409 
1.0 5 0.447 0.955 -0.427 
1.2 5 0.537 0.847 -0.455 
2.5 5 1.118 0.445 -0.498 
3.0 5 1.342 0.364 -0.489 
Table 7.2: P SlJ= Predicted stress jump and P VlJ= Predicted velocity jump 
at the interface after the wave first rebound at X = -1 in the elastic slug 
for several ratios of effective acoustic impedances z* 
as the interface velocity discontinuity where" [alo and [vlo are the incom-
ing waves in the interface stress and interface velocity, respectively. The 
predicted interface stress and interface velocity after the wave rebounds at 
X = -1 are shown in table (7.2) 
Figure (7.8) shows that the interface velocity jump at t = 2 when the 
viscosity time constants are fj = 0.02, Jt = 0.01 and z = 1.2 is about -0.52 
and when the viscosity time constants, fj = 20, Jt = 10 the interface velocity 
jump is about -0.5. However the table (7.2) shows that the interface velocity 
jump prediction at non-dimensional time t = 2 when z = 1.2 or z*= 0.849 
and ratio of viscosity time constants ~ = 2, is -0.497. Moreover, figure (7.5) 
shows that the interface velocity jump at t = 2 when the viscosity time 
constants, fj = 0.05, Jt = 0.01 and z = 0.9 is about -0.46 and" when the 
viscosity time constants, fj = 50, Jt = 10 the interface velocity jump is about 
-0.41. Table (7.2) shows that the interface velocity jump prediction at non-
dimensional time t = 2 when z = 0.9 or z* = 0.447 and ratio of viscosity 
time constants R = 5 is -0.409. This shows that as we increase the viscosity 
time constants from fj = 0.02, fj = 0.05 and Jt = 0.01 to fj = 20, fj = 50 
and Jt = 10, the prediction approximates the interface velocity jump at t = 2 
better. 
Figure (7.8) also shows that the interface stress jump at t = 2 when the 
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viscosity time constants are ij = 0.02, jl = 0.01 and z = 1.2 is about 0.40 
and when the viscosity time constants, ij = 20, jl = 10 the interface velocity 
jump is about 0.55. The predicted interface stress as shown in the table (7.2) 
is 0.585. Figure (7.5) also shows that the interface stress jump at t = 2 when 
the viscosity time constants are ij = 0.05, jl = 0.01 and z = 0.9 is about 0.55 
and when the viscosity time constants, ij = 50, jl = 10 the interface velocity 
jump is about 1.0. The predicted interface stress as shown in the table (7.2) 
is 1.017. This shows that as we increase the viscosity time constants from 
ij = 0.02, ij = 0.05 and jl = 0.01 to ij = 20, ij = 50 and jl = 10, the prediction 
approximates the interface stress jump at t = 2 better. 
Figure (7.5) also shows that when the viscosity time constants are ij = 
0.05, jl = 0.01 and ij = 0.5, jl = 0.1, the interface stress is decreasing rapidly 
after t = 2. However the stress is decreasing gently when the viscosity time 
constants are ij = 5, jl = 1 and ij = 50, jl = 10. This trend of results can be 
explained by the relaxation test in figure (A.8) in Appendix A. The stress 
response for the relaxation test decreasing rapidly in figure (A.8) when the 
viscosity time constants are ij = 0.05, jl = 0.01 and the viscoelastic material 
behaves like the long time elastic material whereas when the viscosity time 
constants are ij = 50, jl = 10, the interface stress remains constant and the 
viscoelastic material behaves like the short time elastic material. 
Figures (7.4 - 7.9) show that the stress becomes tensile at non-dimensional 
time t = 2 when the viscosity time constants ij ~ 0.02 and jl ~ 0.01 for 
z = 0.9 (z* = 0.636 for!! = 2 and z* = 0.402 for!! = 5), z = 1 (z' = 0.707 
- I' _ I' _ 
for R = 2 and z' = 0.447 for R = 5) and z = 1.2 (z' = 0.849 for R = 2 
and z' = 0.537 for * = 5). Figures (7.8) and (7.9) show that when the 
viscosity time constants are ij = 0.02, ij = 0.05, jl = 0.01 the effective 
acoustic impedance is closer to the long time ratio of acoustic impedances 
z = 1.2. However in the elastic impact by RP.Menday [15], the stress is 
compressive for z > 1 at time t = 2 (it takes 2 time units for the wave 
to travel backward and forward in the elastic slug). This implies that the 
viscosity time constants in the rod play an important role in determining the 
stress at the interface as well as the effective ratio of acoustic impedance z·. 
When the stress becomes tensile at the interface, the solution is no longer 
valid because the slug and the rod will part company. It then becomes 
necessary to initiate waves travelling away from the interface in both slug 
and rod, in such a way as to maintain zero stress at the interface. This in 
time will affect the interface velocity and will determine whether or not the 
interface moves apart. 
Figures (7.4 - 7.9) show that the value of the interface stress increases 
as the viscosity time constants increase in the rod. Figure (7.4) shows that 
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the actual interface stress at non-dimensional time t = 2 is about 0.11 when 
viscosity time constants are ii = 0.02, ji. = 0.01 and z' = 0.636 and the 
actual interface stress increases to 0.25 at time t = 2 when ii = 20, 11 = 10. 
In this case the slug and rod part company at time t = 2 for all values of 
ii and ji.. On the other hand, figure (7.8) shows that the actual interface 
stress is about -0.02 at non-dimensional time t = 2 when viscosity time 
constants are ii = 0.02, 11 = 0.01 and z' = 0.849 and the actual interface 
stress increases to 0.10 when viscosity time constants are ii = 20, 11 = 10. 
Here the slug and rod part company at time t = 2 for ii = 20, 11 = 10 
but remain in contact for ii = 0.02, ji. = 0.01. As we increase the effective 
ratios of acoustics impedances from z' = 0.636 to z' = 0.849, the actual 
interface stress decreases from 0.11 to -0.02 when viscosity time constants 
are ii = 0.02, ji. = 0.01 and the actual interface stress decreases from 0.25 to 
0.10 when viscosity time constants are ii = 20, ji. = 10. 
Figures (7.4 - 7.11) show' that when both z' < 1 and z ::; 1, the slug 
and the rod always part company as is shown in figures (7.4), (7.5), (7.6) 
and (7.7). Furthermore when both z' > 1 and z > 1, the slug and the rod 
never part company as is shown in figures (7.10) and (7.11). Lastly, when 
z* < 1 and z > 1, the slug and the rod part company when the viscosity 
time constants are big such as ii = 2, ii = 5 and 11 = 1; ii = 20, ii = 50 
and ji. = 10 and they remain together when the viscosity time constants are 
small such as ii = 0.02, ii = 0.05 and ji. = 0.01; ii = 0.2 and ji. = 0.1 as shown 
in figures (7.8) and (7.9). This is because when the viscosity time constants 
are large, the effective ratio of acoustic impedances is closer to the z* which 
is the short time ratio of acoustic impedances and when the viscosity time 
constants are small, the effective ratio of acoustic impedances is closer to the 
z which is the long time ratio of acoustic impedances. 
From all the computed results shown in figures (7.4 - 7.11) and the predic-
tion tables (7.1) and (7.2), apparently the viscoelastic discontinuity discussed 
in chapter 6 gives better prediction of the computed results with larger vis-
cosity time constants in the rod. This is shown in all the figures (7.4 - 7.11) 
and it is shown clearly in figures (7.10) and (7.11) when we increased the 
viscosity time constants in the rod from ii = 0.02 and ji. = 0.01 to ii = 20 and 
11 = 10 and from ii = 0.05 and ji. = 0.01 to ii = 50 and ji. = 10 respectively. 
In this chapter also we show the significance of the effective ratio of acoustic 
impedances z* and their relation with the viscosity time constants fi and ji.. 
As we increase the viscosity time constants ii and ji., the results show that 
the effective ratios of acoustic impedances is closer to the z* which is the 
short time acoustic impedances. In the next chapter, we consider the slug is 
viscoelastic and the rod is elastic. It will be interesting because the speed 
in the slug is no longer 1 because of the viscosity time constants in the slug 
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and the amplitude of the wave also varies with time. 
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Chapter 8 
Impact of Viscoelastic Slug and 
Elastic Rod 
8.1 Introduction 
In the previous chapter we considered an elastic slug impacting a semi-infinite 
viscoelastic rod. Now we consider a viscoelastic slug impacting an elastic 
semi-infinite rod. The first significant difference between the two simulations 
is the speed of the wave in the slug. The non-dimensional speed of the wave 
in the elastic slug is 1 and it takes 2 time units for the the wave to travel 
backward and forward. However for the viscoelastic slug, the speed of the 
wave depends on the viscosity parameters TJ and /1. It was shown in chapter 
6, that the non-dimensional wave speed in the viscoelastic slug is ft. 
Firstly in this chapter, we find the particle velocity at the interface and 
calculate the initial velocity discontinuity discussed in chapter 6. We also 
calculate the predicted velocity discontinuity at the. interface after the wave 
rebound at X = -1. Then we find the stress of the viscoelastic slug at the 
interface and predict the initial interface stress discontinuity and interface 
stress discontinuity after the rebounds at X = -1. Secondly, we display 
the results of the simulations for several ratios of acoustics impedances and 
viscosity parameters. Thirdly, we make comparisons between the actual re-
sults and the prediction using the viscoelastic discontinuity and perturbation 
methods. 
150 
8.2 The stress in the slug 
In order to make the rod elastic, we let 13 = 1 or fj = 0 and jl = o. Then 
the general solution (5.31) for the additional displacement transform u in the 
slug becomes 
_ cosh (/3'8) (1 + X)) 
u = - -,,-----''7'-:.......,---'-...,-_____ -, 
82 [Z.6(S) sinh (/3'8») + cosh (/3'8»)] 
The Laplace transform of the stress in the viscoelastic slug is given by 
__ EV du a2 ( ) u- --,., 8 
C dX 
Ignoring the constant E:, this gives 
a= 
.6(8) sinh (/3'8)(1 + X)) 
(8.1) 
(8.2) 
(8.3) 
In computing the interface stress at X = 0, we let the viscosity constants 7J 
and J.t in the slug vary from 7J = 0.02 and J.t = 0.01 to 7J = 20 and J.t = 10. We 
also let the viscosity constants vary from 7J = 0.05 and J.t = 0.01 to 7J = 50 
and J.t = 10. According to Appendix D, for short times the effective ratio 
z' of acoustic impedances is z' = z If!i for viscoelastic materials. In the 
case where the rod is elastic, the effective ratio z' is z J¥.. In computing 
the interface stress, we choose z such that 0 < z J¥. < 3 so that we can 
obtain the results when z· < 1 and z· > 1. Equation (8.3) can be inverted 
numerically using the same technique as in chapter 7 and the results are 
shown in figures (8.1 - 8.8). 
In order to make comparisons between the actual results and the pre-
dictions, we consider the viscoelastic discontinuity in chapter 6. The initial 
stress discontinuities for the impact of the viscoelastic slug and the elastic rod 
at the interface can be predicted from equation (6.22). The initial interface 
stress is 
[ujo -
1 + z· 
(8.4) 
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Z PLT1S PLT1V 
* 
Z· P1SD P1PV 
0.333 -0.750 0.250 2 0.471 -0.961 0.320 
0.667 -0.60 0.40 2 0.943 -0.728 0.485 
0.9 -0.526 0.474 2 1.273 -0.622 0.560 
1.0 -0.50 0.50 2 1.414 -0.586 0.586 
1.2 -0.454 0.545 2 1.697 -0.524 0.629 
0.333 -0.750 0.250 5 0.745 -1.28 0.427 
0.667 -0.60 0.40 5 1.49 -0.897 0.599 
0.9 -0.526 0.474 5 2.012 -0.742 0.668 
1.0 -0.50 0.50 5 2.236 -0.691 0.691 
1.2 -0.454 0.545 5 2.683 -0.607 0.728 
Table 8.1: P1SD= Predicted initial stress discontinuity and P1PV= Predicted 
initial particle velocity at the interface at t = 0 in the viscoelastic slug for 
several ratios of the effective acoustic impedances Z·. PLT1S and PLT1V are 
Predicted initial stress discontinuity and initial velocity respectively, based 
on the long time ratios of acoustic impedances z. 
The predicted initial interface stress discontinuities are shown in table (8.1) 
for several ratios of acoustic impedances z*. The comparison between the 
actual results and the predictions will be discussed later. 
As in chapter 7, we can also predict the stress discontinui ties after the 
wave rebounds at X = -1 and reaches the interface by using (1.9) in Ap-
pendix I. When the slug is viscoelastic and the rod is elastic, the predicted 
stress discontinuity is calculated by replacing z by z· effective, z*= z /[ 
in (1.9) and we obtain 
[ah _ _ ( 2 ) [aloe-f!7It;: Z/[+l 
= _ ( 2 ) [aloe-f!7It;: 
z* + 1 
(8.5) 
as the interface stress discontinuity at non-dimensional time t = 2~ where 
[aloe - ::J.ft: is the incoming wave. The calculated predicted interface stress 
discontinuities after the wave rebounds at X = -1 are shown in table (8.2) 
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Z !I. 
u Jl. z' PSIJ PVIJ !I. Jl. u z' PSIJ PVIJ 
0.333 2 10 0.471 1.261 -0.420 5 10 0.745 1.411 -0.472 
0.667 2 10 0.943 0.723 -0.483 5 10 1.49 0.695 -0.463 
0.9 2 10 1.273 0.529 -0.476 5 10 2.012 0.475 -0.428 
1.0 2 10 1.414 0.469 -0.468 5 10 2.236 0.412 -0.412 
1.2 2 10 1.697 0.375 -0.451 5 10 2.683 0.318 -0.383 
0.333 2 1 0.471 0.917 cO.306 5 1 0.745 1.026 -0.342 
0.667 2 1 0.943 0.526 -0.351 5 1 1.49 0.504 -0.336 
0.9 2 1 1.273 0.384 -0.346 5 1 2.012 0.344 -0.310 
1.0 2 1 1.414 0.341 -0.341 5 1 2.236 0.299 -0.299 
1.2 2 1 1.697 0.273 -0.328 5 1 2.683 0.230 -0.277 
Table 8.2: PSIJ= Predicted stress jump and PVIJ= Predicted velocity jump 
at the interface after the wave first rebound at X = -1 in the slug for several 
ratios of effective acoustic impedances z' 
for several ratios of acoustic impedances z. The comparison between the 
actual results and the predictions will be discussed later. 
8.3 The velocity in the slug 
In this section, we consider the particle velocity at position x in the slug 
ox = V (1 + ou{X, t)) 
at c at 
(8.6) 
To evaluate the velocity, we must invert the transform (8.1) and numerically 
evaluate u(X, t) in the time domain at X = 0 using the same technique as 
in chapter 7. Then we take the derivative of u{O, t) with respect to t to 
compute the interface velocity at X = O. The computed interface velocity of 
the slug at X = 0 with the same viscosity parameters and ratios of acoustic 
impedances as in the previous section are shown in figures (8.1 - 8.8). 
The initial velocity discontinuities for the impact of the viscoelastic slug 
and elastic rod at the interface can be predicted from equation (6.21). The 
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initial interface velocity is 
1 + [v]o _ 1- 1 
l+zfj. 
Zfj. 
I+Zfj. 
z* (8.7) 
1 +z* 
The calculated initial interface velocities are shown in table (8.1) for several 
ratios of acoustic impedances z. In table (8.1), we also display the initial 
interface stress and initial interface velocity based on the long time acoustic 
impedances. We calculate them by replacing z* by z and fj. by 1 in (8.4) 
and (8.7). 
We also can predict the interface velocity discontinuity after the wave 
rebounds at X = -1 and reaches the interface by using (1.8) in Appendix 
9. When the slug is viscoelastic and the rod is elastic the predicted interface 
velocity discontinuity is calculated by replacing z by z effective, z* = z fj. 
in (1.8) and we obtain 
[vh _ _ ( 2Zfj. ) [v]oe-~ 
zfj. + 1 
= - [v]oe -.v"fji ( 2 z * ) ..!l=.1!.. z* + 1 (8.8) 
as the interface velocity jump at non-dimensional time t = 2jii and X = 0 
where [v]oe - ,f./.ll: is the incoming wave. The predicted interface velocity dis-
continuities after the wave rebounds at X = -1 are shown in table (8.2) for 
several ratios of acoustic impedances z. The comparison between the actual 
results and the predictions will be discussed later. 
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8.4 Results 
We compute the interface stress and velocity for two sets of viscosity param-
eters ratio namely, ~ = 2 and ~ = 5 from." = 0.02 to ." = 20, ." = 0.05 to 
." = 50. Figures (8.1 - 8.8) show the results for several values of viscoelas-
tic parameters with several values of the ratio of acoustic impedances, z. 
Figures (8.1 - 8.8) indicates the time at which the interface stress becomes 
tensile and the time at which the interface velocity changes sign. 
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8.5 Discussion 
In the elastic impact studied by R.P.Menday [15), the interface stress at time 
t = 2 is tensile for z < 1 and compressive for z > 1 (where t = 2 is the 
time taken for the impact wave to travel backward and forward in the slug). 
However in this impact, the viscoelastic time constants of the materials and 
the ratios of acoustics impedances z play a significant role in determining 
the stress. As the viscosity time constants in the slug increase, it takes 
longer time for the stress of the slug to become tensile at the interface as 
depicted in figures (8.1), (8.2) and (8.3). In figure (8.1), the non-dimensional 
time taken for the interface stress to become tensile is t = 2.25 for viscosity 
time constants 1/ = 0.02 and It = 0.01 when z = 0.9 or z* = 1.273 and it 
takes t = 2.85 for the interface stress to become tensile when we increase 
the viscosity time constants to 1/ = 0.2 and It = 0.1 with the same ratio of 
acoustic impedance. Figure (8.2) shows the same trend as in figure (8.1), 
it takes t = 2.50 for the interface stress to become tensile for viscosity time 
constants 1/ = 0.05 and It = 0.01 when z = 0.9. Furthermore, it takes t = 3.54 
for the interface stress to become tensile when we increase the viscosity time 
constants to 1/ = 0.5 and It = 0.1. 
As expected, when the ratio of acoustic impedances z increases, the time 
taken for the stress to become tensile also increases as shown in figures (8.1 
- 8.6). In figure (8.1), the non-dimensional time taken for the interface stress 
to become tensile is t = 2.85 for viscosity time constants 1/ = 0.2 and It = 0.1 
when z = 0.9 or z' = 1.273 and it takes t = 3.4 when z = 1.0 or z' = 1.414 
with the same viscosity time constants shown in figure (8.3). In figure (8.2), 
the non-dimensional time taken for the interface stress to become tensile is 
t = 2.50 for viscosity time constants 1/ = 0.05 and It = 0.01 when z = 0.9 or 
z' = 2.012 and it takes t = 3.50 when z = 1.0 or z' = 2.236 with the same 
viscosity time constants shown in figure (8.4). 
The time taken for the stress to become tensile for increasing ratio of 
acoustics impedances z is also found by R.P.Menday [15). However, in this 
chapter, we find that there are two aspects which prolong the time for the 
stress to become tensile. The first aspect is the ratio of acoustic impedances, 
z and the second aspect is the viscosity time constants in the slug. When 
the value of 1/ » 2 and It » 1, the stress of the slug at the interface remains 
compressive for z ;::: 0.9 or z' ;::: 1.273: This shows that increasing the 
viscosity time constants in the slug will delay the time for the stress to become 
tensile whereas in the study by R.P.Menday [15), the stress was tensile for 
z= 0.9., 
Figure {8.2} shows that there is an increase in stress and a big drop in 
velocity for 0 S t S 0.1 when the viscosity time constants are 1/ = 0.05, 
164 
J..L = 0.01, the increase is from -0.76 to -0.52 and the drop is from 0.68 to 
0.48, respectively. Moreover when 1) = 0.5, J..L = 0.1 the increase is from -0.84 
to -0.68 in stress and the drop is from 0.76 to 0.68 in velocity. However there 
is a small increase in stress and a small decrease in velocity when viscosity 
time constants 1) = 5, Jl = 1 and almost no increase nor decrease in stress 
and velocity, respectively when 1) = 50, J..L = 10. This is because there are 
two different values of effective acoustic impedance. The long time acoustic 
impedance is z = 0.9 when the viscosity time constants are small whereas for 
the short time effective acoustic impedance is z* = 2.012 when the viscosity 
time constants are large. Figure (8.4) also shows the same trend of results 
when the long time effective acoustic impedance is z = 1 and the short time 
acoustic impedance is z' = 2.236. Figure (8.8) shows beautiful results of 
the effect of effective ratios acoustic impedances for z = 0.333 or z' = 0.745 
and z = 0.667 or z' = 1.49 when the viscosity time constants are 1) = 0.05, 
Jl = 0.01 and 1) = 50, J..L = 10 
Another significant result is the time taken for the interface velocity to 
change its sign from positive to negative which is the same as the time taken 
for the interface stress to become tensile. This shows that the slug and the 
rod will part company whenever the stress becomes tensile at the interface. 
Figures (8.1 - 8.8) show that when both z' < 1 and z < 1, the slug and 
the rod always part company as is shown in figure (8.7) and in the first 
four graphs of figure (8.8). Furthermore when both z* > 1 and z > 1, the 
slug and the rod never part company as is shown in figures (8.5) and (8.6). 
Lastly, when z* > 1 and z :S 1, the slug and the rod part company when 
the viscosity time constants are small such as 1) = 0.02, 1) = 0.05, Jl = 0.01 
and 1) = 0.2, J..L = 0.1 and they remain in contact when the viscosity time 
constants are 1) = 20, 1) = 50, J..L = 10 and 1) = 2, 1) = 5, J..L = 1 as shown 
in figures (8.1 - 8.4). Figures (8.1) and (8.2) show that when z = 0.9 or 
z' = 1.273 the interface stress becomes tensile for viscosity time constants 
1) = 0.02, 1) = 0.05, Jl = 0.01 and 1) = 0.2, 1) = 0.5, Jl = 0.1. As the 
viscosity time constants increase to 1) = 2, 1) = 5, J..L = 1 and 1) = 20, 1) = 50, 
Jl = 10 the interface stress remain compressive because for larger viscosity 
time constants the effective acoustics impedance is z* = 1.273 (the short 
time acoustic impedance) whereas for smaller viscosity time constants the 
effective acoustics impedance is z = 0.9 (the long time acoustic impedance). 
This is consistent with the results of the elastic impact shown by Menday, 
R.P [15), the slug and the rod part company for z < 1 and they remain 
together if z > 1. 
Equations (8.4) and (8.7) predict the initial interface stress discontinuity 
and initial interface particle velocity for ii = 0, il = 0, !l = 2 and z = 0.9 are I' . 
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-0.622 and 0.560 respectively as shown in table (8.1). Figure (8.1) shows 
that almost all the initial interface stress and initial interface velocity curves 
fluctuate as t approaches to zero. As t increases, the curves settle down 
and show that the initial interface stress discontinuity is between the long 
term initial stress, -0.526 and short term initial interface stress -0.622 for 
z = 0.9 in figure (8.1). When the stress and velocity curves settle down the 
initial interface stress discontinuity is about -0.53 and the initial interface 
velocity is about 0.48 for viscosity time constants 7J = 0.02 and J.! = 0.01. 
However when the viscosity time constants are 7J = 20 and J.! = 10, the 
initial interface stress is about -0.62 and initial interface velocity is about 
0.55. Almost all the results in figures (8.1- 8.8) show that the actual initial 
interface stress and interface velocity are within the predicted initial interface 
stress and velocity discontinuities based on the long time acoustic impedance 
z and the predicted initial interface velocity based on the short time acoustic 
impedance z· in table (8.1). As the viscosity time constants increase the 
predicted value approximates the initial interface stress and initial interface 
velocity better. This result can be explained by the creep and the stress 
relaxation tests in Appendix A which has been written in the discussion of 
chapter 7. 
Table (8.2) shows that the interface velocity jump at non-dimensional 
time t = 2ft for z = 0.9 is -0.476 for viscosity time constants 7J = 20 and 
J.! = 10 and is -0.346 for viscosity time constants 7J = 2 and J.! = 1. The 
actual interface velocity jump in figure (8.1) for z = 0.9 is about -0.46 for 
viscosity time constants 7J = 20 and J.! = 10 and -0.34 when the viscosity 
time constants are 7J = 2 and J.! = 1. The predicted interface velocity at time 
t = 2ft for z = 0.333 when 7J = 50 and J.! = 10 is -0.472 and the actual 
interface velocity is about -0.48 as shown in figure (8.7). When z = 0.667 
the predicted veloCity jump is -0.463 and the actual jump is -0.47. Overall. 
the predicted interface velocity discontinuity at time t = 2ft approximates 
the actual jumps reasonably well. Moreover, the predicted interface stress 
discontinuity also approximates the actual interface stress jump well. For 
example, Table (8.2) shows the interface stress jump at non-dimensional time 
t = 2ft and z = 1.2 is 0.375 for viscosity time constants 7J = 20 and J.! = 10 
and 0.273 for viscosity time constants 7J = 2 and J.! = 1 and the actual result 
shows they are about 0.37 and 0.30 respectively in figure (8.5). Moreover, 
figure (8.8) shows that the interface stress jumps are about 1.44 and 0.70 for 
z = 0.333 and z = 0.667, respectively when the viscosity time constants are 
7J = 50 and J.! = 10. From Table (8.2) shows that the predicted interface stress 
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jumps at time t = 2jii are 1.411 and 0.695 for z = 0.333 and z = 0.667, 
respectively when the viscosity time constants are 1] = 50 and J.L = 10. 
In figures (8.1 - 8.8) it is also shown that the viscoelastic discontinuity 
predictions given by table (8.1) approximates the actual result successfully 
when the viscosity time constants are 1] = 20, 1] = 50 and J.L = 10. 
The perturbation method discussed in chapter 6 also approximates the 
actual results in figures (8.1 - S.S) reasonably well for non-dimensional time 
o ::; t < 'ijii. These are shown by figures (6.1), (6.2), (6.3) and (6.4) for 
1] = 20 and J.L = 10; 1] = 50 and J.L = 10; 1] = 2 and J.L = 1; and 1] = 5 and 
J.L = 1 respectively in chapter 6. 
Another interesting point in this impact is that the time taken for the 
velocity to change its sign is the same as the time taken for the stress to 
become tensile as shown in figures (S.l- S.S). However in the previous chapter, 
in some cases the velocity does not change its sign when the stress is tensile. 
There, we found that there is an increase in the stress of the slug at the 
interface at time t = 2 when we increase the viscosity time constants in the 
rod. On the other hand in this chapter we have found that the time taken for 
the interface stress to become tensile is longer when we increase the viscosity 
parameters in the slug. In the next chapter, we consider the more interesting 
case when both materials are viscoelastic. 
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Chapter 9 
Impact of the Viscoelastic Slug 
and Rod 
9.1 Introduction 
In this chapter we consider the case when both materials, the slug and the 
rod are viscoelastic. In chapter 7, we discovered that if we increase the 
viscosity time constants in the rod, it will increase the stress of the slug at 
the interface when the second wave arrives at time t = 2. On the other 
hand, in chapter 8, if we increase the viscosity time constants in the slug 
it will decrease the interface stress and prolong the time for the stress to 
become tensile when the second wave arrives at time t = 2j'i. So when 
both materials are viscoelastic, it will be quite interesting to consider what 
happens. Here, we consider several values of viscoelastic parameters in order 
to look at the impact at the interface. If the stress of the slug becomes tensile, 
then the slug and the rod will part company and the solution is no longer 
valid. If the stress is compressive, then the slug and the rod will rem8.in in 
contact. 
When both materials are viscoelastic, it will affect the predicted initial 
interface stress and initial interface velocity as mentioned in chapter 6. From 
equations (6.20) and (6.22) it can be seen that the viscosity parameters T/, 
j.L, i/, and jl are important elements in predicting the initial stress and initial 
velocity. Moreover the viscosity time constants will also affect the interface 
stress and the interface velocity after the wave rebounds at X = -1 and 
reaches the interface. 
We consider several values of the viscosity time constants and make com-
parison with the predicted results from chapter 6. We choose values of z for 
which z/ffi > 1 and z/ffi < 1 which will give different behaviours after 
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the wave rebounds at X = -1 in the slug and reaches the interface. Another 
important element that we consider in this chapter is the time taken for the 
interface stress to become tensile and the time taken for the interface velocity 
to change its sign from positive to negative. 
9.2 The stress in the slug 
As described in chapter 7, the stress in the slug is given as 
(9.1) 
where the viscosity parameters 'f/ f 0, J1, f 0, ii f 0 and jJ f O. Equation (9.1) 
can be evaluated numerically using the same technique as in chapter 7 and 
the results are shown in figures (9.1 - 9.15). The initial stress discontinuity 
at the interface can be predicted and they are shown in (6.22). The initial 
interface stress discontinuity is 
[alo -
1 +zlfj 
j¥.. 
(9.2) 
1+ z' 
where z' is the short time effective value of the ratio of acoustic impedances 
for the viscoelastic slug impacting a semi-infinite viscoelastic rod. The calcu-
lated values of these discontinuities are shown in tables (9.1), (9.2) and (9.3) 
for several ratios of acoustic impedances z and various ratios of viscosity time 
constants 'f/, J1" ii, and jJ. The comparison between the numerical results and 
the predictions of the initial stress jump discontinuities will be discussed 
later. From equation (1.9) in Appendix I, we can predict the stress jump 
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Z PLTIS PLTIV !l !l Z· PISD PIVD u U 
0.333 -0.750 0.250 2 2 0.333 -1.061 0.250 
0.667 -0.60 0.40 2 2 0.667 -0.848 0.400 
0.9 -0.526 0.474 2 2 0.9 -0.744 0.474 
1 -0.50 0.50 2 2 1 -0.707 0.500 
1.025 -0.494 0.506 2 2 1.025 -0.698 0.506 
1.2 -0.454 0.545 2 2 1.2 -0.643 0.545 
0.333 -.0750 0.250 5 5 0.333 -1.677 0.250 
0.667 -0.60 0.40 5 5 0.667 -1.341 0.400 
0.9 -0.526 0.474 5 5 0.9 -1.177 0.474 
1 -0.50 0.50 5 5 1 -1.118 0.5 
1.025 -0.494 0.506 5 5 1.025 -1.104 0.506 
1.2 -0.454 0.545 5 5 1.2 -1.016 0.545 
0.333 -0.750 0.250 2 5 0.211 -1.168 0.174 
0.667 -0.60 0.40 2 5 0.422 -0.995 0.297 
0.9 -0.526 0.474 2 5 0.569 -0.901 0.363 
1 -0.50 0.50 2 5 0.632 -0.866 0.387 
1.025 -0.494 0.506 2 5 0.648 -0.858 0.393 
1.2 -0.454 0.545 2 5 0.759 -0.804 0.431 
1.667 -0.375 0.625 2 5 1.054 -0.688 0.513 
2 -0.333 0.667 2 5 1.265 -0.624 0.558 
Table 9.1: PISD = Predicted initial interface stress discontinuity at X = o. 
PIV D= Predicted initial interface velocity discontinuity at X = 0 at- time 
t = O. PLTIS and PLTIV are Predicted initial interface stress discontinuity 
and initial interface velocity discontinuity respectively, based on the long 
time ratios of acoustic impedances z. 
at the interface after the wave rebounds and reaches the interface, by replac-
ing z by the effective value of the ratio of acoustic impedances, z' = z/f§; 
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in (1.9) and we obtain 
- - ( ~ ) [CTloe-~ 
z/j+1 
= _ ( 2 ) [CTloe-~ 
z· + 1 (9.3) 
as the predicted interface stress discontinuity at non-dimensional time t = 
2jii and X = o. The calculated interface stress discontinuities after the 
wave rebounds at X = -1 are shown in tables (9.1), (9.2) and (9.3). From 
equation (9.3), it is clear that the interface stress discontinuity depends on 
z/j. 
9.3 The velocity in the slug 
From (7.60), the velocity at position x in the slug at X = 0 is 
dx 
dt - ~ [:t [L residues inside ~] 
+ ~ 1-';' ~sinh (~) cosh (~(1 +X)) est dS] (9.4) 
1f - .'" S [-Z2 (~:f:l) sinh2 C~(S») - cosh2 ({J(S»)] 
Equation (9.4) can be evaluated numerically using the same technique as 
in chapter 7 and the results are shown in figures (9.1 - 9.15) for several 
values of the ratio of acoustic imQBrlances and various ratios of viscosity time 
constants 1/, jt, ij, and Ji. . 
The initial velocity discontinuity for the impact of the viscoelastic slug 
and the viscoelastic rod at the interface can be predicted and they are shown 
in (6.20). The initial interface velocity discontinuity is 
1 + [vlo = 1 1----= l+z/j 
z· 
1 +z· (9.5) 
The calculated initial interface velocity discontinuities are shown in tables (9.1), (9.2) 
and (9.3) for several ratios of acoustic impedances z and various ratios of vis-
cosity time constants 1/, jt, ij, and Ji. From equation (1.8) in Appendix I, we 
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z 
." JL ii JL z· PISD PIVD PSlJ P VlJ 
0.333 20 10 500 100 0.211 -1.168 0.174 1.863 -0.278 
0.667 0.422 -0.995 0.297 1.351 -0.40 
0.9 0.569 -0.901 0.363 1.109 -0.446 
1 0.632 -0.866 0.387 1.024 -0.458 
1.025 0.648 -0.858 0.393 1.005 -0.461 
1.2 0.759 -0.804 0.431 0.883 -0.474 
1.667 1.054 -0.688 0.513 0.647 -0.482 
2 1.265 -0.624 0.558 0.532 -0.477 
0.333 2 1 50 10 0.211 -1.168 0.174 1.355 -0.202 
0.667 0.422 -0.995 0.297 0.983 -0.293 
0.9 0.569 -0.901 0.363 0.807 -0.324 
1 0.632 -0.866 0.387 0.745 -0.333 
1.025 0.648 -0.858 0.393 0.731 -0.335 
1.2 0.759 -0.804 0.431 0.642 -0.345 
1.667 1.054 -0.688 0.513 0.471 -0.351 
2 1.265 -0.624 0.558 0.387 -0.347 
Table 9.2: PISD = Predicted initial interface stress discontinuity at time 
t = O. PIV D= Predicted initial interface velocity discontinuity at time t = 
O. PsIJ=Predicted stress jump after the wave rebounds and reaches the 
interface at time t = 2~. PvIJ=Predicted velocity jump discontinuity 
after the wave rebounds and reaches the interface at time t = 2~. 
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z 1] {L 1] {L z* P1SD P1VD PSIJ PVIJ 
0.333 50 10 200 100 0.527 -1.465 0.345 1.852 -0.436 
0.667 1.055 -1.088 0.513 1.022 -0.482 
0.9 1.423 -0.923 0.587 0.735 -0.468 
1 1.581 -0.866 0.612 0.647 -0.459 
1.2 1.897 -0.772 0.655 0.514 -0.436 
0.333 500 100 8000 1000 0.263 -1.770 0.208 2.795 -0.329 
0.667 0.527 -1.464 0.345 1.911 -0.450 
0.9 0.712 -1.306 0.416 1.520 -0.484 
1 0.791 -1.249 0.441 1.391 -0.492 
1.2 0.949 -1.147 0.487 1.173 -0.498 
1.667 1.318 -0.965 0.569 0.829 -0.488 
2 1.581 -0.866 0.613 0.669 -0.472 
Table 9.3: P1SD = Predicted initial interface stress discontinuity at time 
t = O. P1VD'= Predicted initial interface velocity discontinuity at ~ime t = 
O. PsIJ=Predicted stress jump after the wave rebounds and reaches the 
interface at timet = 2.;w. PvIJ=Predicted velocity jump discontinuity 
after the wave rebounds and reaches the interface at time t = 2.;w. 
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can predict the velocity jump at the interface after the wave rebounds and 
reaches the interface by replacing z by z effective, z' = z.Jf!i in (1.8) and 
we obtain 
[vh __ ( 2zl!l ) [vloe-~ 
z.Jf!i + 1 
= - [vloe -.,;;iii ( 2z' ) -"="-z· + 1 (9.6) 
as the predicted interface velocity jump at non-dimensional time t = 2 If; 
and X = O. The calculated values of the jumps after the wave rebounds at 
X = -1 are shown in tables (9.1), (9.2) and (9.3). 
9.4 Results 
We compute the interface stress and velocity for several sets of viscosity time 
- - 2- 2- 2- 5- 5 
constant ratios namely, ~ = 1, ~ = 5' ~ = 7' ~ = 9' ~ = 2' ~ = 8' 
and we consider several ratios of acoustics impedances, z = 0.333, z = 0.667, 
z = 0.9, z = 1, 1.025 z = 1.2, 1.667 and 2.0. Figures (9.1 - 9.15) show 
the interface stress and interface velocity, and the predicted time taken at 
which the interface stress becomes tensile and the predicted time at which 
the interface velocity changes its sign. 
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z -0.9,ll = 0.02,!, =0.01,T] - 0.2,i' - 0.1 
1_2.15 Sires 
veloctty .. 
L----___. 
.. 
1_2.25 
z = 1.0,ll -0.02,!, =0.01,T] - 0.2,i' - 0.1 
,001._-----1 1_2.17 stre . veloctty 
1-2.50 
Z a 1.025.ll -0.02,1' - 0.01.T] - 0.2,i' - 0.1 
_____ 1 1-2.20 
slre:.r . 
veloc~"L-____ ~ 
: = 1.2,ll - 0.Q2,!, = 0.01,T] - 0.2,i' - 0.1 
velocity 
SlreSs.L-____ ---' 
Figure 9.1: Stress and velocity of the slug for z = 0.9, 1.0, 1.025, 1.2 and TJ = 
0.02, J.l = 0.01, fi = 0.2, jl = 0.1 
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-r--
t=2.55 
t=2.80 
Figure 9.2: Stress and velocity of the slug for z = 0.9, 1.0, 1.025, 1.2 and TJ = 
0,05, fL = 0,01,1) = 0.5, P, = 0.1 
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Figure 9.3: Stress and 
0.667 for Tt = 0.2, f.1 
0.Dl, fj = 0.5, jl = 0.1 
velocity of the slug for z = 0.333 and z 
0.1, fj = 0.02, jl = 0.01 and of Tt = 0.05, f.1 
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Figure 9.4: Stress and velocity of the slug for z = 0.9,1.025, 1.2 and TJ = 
0.2, J.l = 0.1, fJ = 0.02, fl = 0.01 
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Figure 9.5: Stress and velocity of the slug for z = 0.333,0.667,0.9,1 for TJ = 
0.02, J.1. = 0.01, i) = 0.5, jl = 0.1 
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Figure 9.6: Stress and velocity of the slug for z 
0.02, f.L = 0.01, i) = 0.5, Tt = 0.1 
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Figure 9.7: Stress and velocity of the slug for z = 0.333,0.667,0.9,1 for 1] = 
2, f.1 = 1,1) = 50, fl = 10 
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Figure 9.8: Stress and velocity of the slug for z = 1.2,1.667,2 for 7J = 2, {L = 
1, ij = 50, P, = 10 
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Figure 9.9: Stress and velocity of the slug for z = 0.333,0.667,0.9,1 for 1] = 
20, J.L = 10, ii = 500, jj = 100 
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Figure 9.10: Stress and velocity of the slug for z - 1.2,1.667,2 for 7) 
20, /.L = 10, fJ = 500, P, = 100 
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Figure 9.11: Stress and velocity of the slug for z 
0,003,0.667,0.9, 1.2 for TJ = 50, f.L = 10, fj = 200, P, = 100 
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Figure 9.12: Stress and velocity of the slug for z = 0.333,0.667,0.9,1 for 7) = 
500, J1 = 100, i/ = 8000, jl = 1000 
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Figure 9.13: Stress and velocity of the slug for z 
500, j.J, = 100, ij = 8000, jl = 1000 
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1.2,1.667,2 for 7J 
9.5 Discussion 
In chapter 7, we have found that increasing the viscosity time constants in 
the rod has increased the stress in the slug at the interface when the second 
wave arrives. On the contrary, in chapter 8 we have shown that increasing 
the viscosity time constants in the slug will reduce the stress in the slug and 
prolong the time for the stress to become tensile at the interface when the 
second wave arrives. 
Figures (9.1 - 9.4) show that as the ratio of the acoustic impedances z 
increases, the stress in the slug is reduced and prolongs the time for the stress 
in the slug to become tensile at the interface. Figure (9.1) shows that the 
time for the stress to become tensile which is t = 2.15 for z = 0.9 (z' = 0.9) 
has increased to t = 2.20 for z = 1.025 (z' = 1.025) whereas in the elastic 
impact there is no tensile stress for z > 1. At the same time, the time for 
the velocity to change its sign has also increased from t = 2.25 for z = 0.9 
to t = 2.50 for z = 1.0. Figure (9.4) shows that when the viscosity time 
constants are bigger in the slug compared to the rod, the interface stress of 
the slug is reduced and the time for the stress to become tensile has increased 
from t = 2.85 for z = 0.9 to t = 3.65 for z = 1.025. It is also the same for 
the velocity where the predicted time for the velocity to change its sign has 
increased from t = 2.90 for z = 0.9 to t = 3.65 for z = 1.025, as we increase 
the ratio of acoustic impedances. 
When the ratio of acoustic impedances z = 1.2 and z' = 1.2 for small 
values of viscosity time constants in the rod, figures (9.1 - 9.4) show that 
the stress at the interface is compressive and the slug and the rod remain in 
contact after the impact. When the ratio of acoustic impedances z = 1.025 
and z' = 1.025 in figures (9.1), (9.2) and (9.3) show that interface stress 
becomes tensile at impact at non-dimensional time t = 2.20, t = 2.25 and 
t = 3.65 respectively. If the stress becomes tensile at the interface,··then 
the solutions are no longer valid and the slug and the rod part company. 
So, it is necessary to introduce new waves moving away from the interface 
in order to keep the stress zero. However in the case of the elastic impact, 
R.P. Menday [15] shows that the interface stress is compressive at impact for 
z> 1. 
Now if we increase the viscosity time constants in the rod for z = 0.9 when 
the viscosity time constants in the slug are 7J = 0.02 and JL = 0.01 as depicted 
in figure (9.14), the time taken for the stress to become tensile has decreased. 
When the viscosity time constants in the rod are r; = 0.2 and p, = 0.1 the time 
for the stress to become tensile is t = 2.15 and as we increase the viscosity 
time constants in the rod to r; = 0.9 and p, = 0.1 (z' = 0.424) then the time 
for the stress to become tensile is decreased to t = 2.01. In this case the slug 
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and rod part company for viscosity time constant in the slug of TJ = 0.02 
and JL = 0.01 and the viscosity time constants in the rod is increasing from 
ij = 0.2 to ij = 0.9. This is because as we increase the viscosity time constants 
in the rod we also decrease the effective ratios of acoustic impedances z*. An 
interesting point here is the time for the interface velocity to change its sign is 
increased though there is an increase in the stress. Figure (9.14), shows that 
the predicted time for the interface velocity to change its sign when ij = 0.2 
and jl = 0.1 is t = 2.25 has increased to t = 2.36 for ij = 0.9 and jl = 0.1. 
However in figures (9.1- 9.4), when there is an increase in the interface stress, 
the time taken for the stress to become tensile and for the velocity to change 
its sign is decreased. For example in figure (9.1), for viscosity time constants 
TJ = 0.02, JL = 0.01, ij = 0.2, jl = 0.1 when z = 1.025, the time taken for the 
stress to become tensile is t = 2.20 and when z = 0.9, the interface stress 
has increased and reduces the time for the interface stress to become tensile 
to t = 2.15 and at the same time reduces the time for the velocity to change 
its sign from t = 2.50 when z = 1 to t = 2.25 when z = 0.9. 
For the case of TJ = 0.02 and JL = 0.01 for z = 1.2, increasing the viscosity 
time constants in the rod shown by figure (9.15), will decrease the time taken 
for the stress to become tensile but it does not affect the sign of the velocity 
and remains positive. As expected when we have the same viscosity time 
constants 1] = 0.02, JL = 0.01, ij = 0.2, jl = 0.1 in figures (9.14) and (9.15), 
the ratio of acoustic impedances z plays an important role in determining 
the time for the stress to become tensile and for the velocity to change its 
sign. For 1] = 0.02, JL = 0.01, ij = 0.5 and jl = 0.1, the time for the stress to 
become tensile is t = 2.10 for z = 1.2 (z* = 0.759) in figure (9.15). When we 
reduce the ratio of acoustic impedances to z = 0.9 (z' = 0.569), the time for 
the stress to become tensile is decreased to t = 2.06 in figure (9.14). These 
effects are shown clearly in the figures (9.1 - 9.4). 
Now we discuss the predicted initial interface stress and initial interface . 
velocity discontinuities at non-dimensional time t = 0 compared to the ac-
tual results. Furthermore, we also discuss the predicted interface stress and 
interface velocity discontinuities at non-dimensional time t = 2/'f, compared 
to the actual results at X = O. For the case of small viscosity time constants 
in the slug such as 1] = 0.02, JL = 0.01, ij = 0.2, jl = 0.1, the results are 
shown in figure (9.1) and the predicted results given in table (9.1), the initial 
interface stress and initial interface velocity jump discontinuities fluctuate 
as t approaches zero. When z = 0.9 (z' = 0.9), the actual initial interface 
stress is about -0.56 whereas the predicted long time initial interface stress 
discontinuity is -0.526 and the short time initial interface stress disconti-
nuity is -0.744. When z = 1.025 (z' = 1.025), the actual initial interface 
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stress discontinuity is about -0.52 whereas the predicted long time initial 
interface stress is -0.494 and the short time initial interface stress is -0.698. 
These show that the actual initial interface stress discontinuity is between 
the long time initial interface stress and the short time initial interface dis-
continuities. Moreover, the actual initial interface velocity discontinuity is 
about 0.43 whereas the long and short time initial interface velocity is 0.474 
when z = 0.9 (z' = 0.9) and when z = 1.2 (z' = 1.2), the actual initial inter-
face velocity is about 0.44 whereas the long and short time initial interface 
velocity is 0.545. 
For the case of large viscosity time constants in the slug and in the rod 
such as 'TJ = 20, J.L = 10, fj = 500, Tt = 100, figure (9.9) shows that the 
actual initial interface stress discontinuity is about -1.15 when z = 0.333 
(z' = 0.211) whereas the predicted long time initial interface stress discon-
tinuity is -0.750 and the short time initial interface stress discontinuity is 
-1.168. When z = 0.9 (z' = 0.569), the actual initial interface stress discon-
tinuity is about -0.88 whereas the predicted long time initial interface stress 
discontinuity is -0.750 and the short time initial interface stress discontinu-
ity is -0.901. In this case the slug and rod part company at non-dimensional 
time t = 2/W for z* < 1 as shown in figure (9.9). When z' > 1, for example 
when z' = 1.265 (z = 2.0) in figure (9.10), the actual initial interface stress 
discontinuity is about -0.62 whereas the predicted long time initial interface 
stress discontinuity is -0.333 and the short time initial interface stress dis-
continuity is -0.624. This shows that when we increase the viscosity time 
constants in the slug and in the rod, the short time initial interface stress 
discontinuity predicts the actual initial interface stress better. This result 
can be explained by the creep and the stress relaxation tests in Appendix A 
which have been discussed in chapter 7. In this case when z' > 1, the slug 
and rod remain in contact after the impact at non-dimensional time t = 2/W 
as shown in figure (9.10). 
Furthermore, the interface stress and the interface velocity discontinuities 
after the wave rebounds and reaches the interface at t = 2/W cannot be 
seen clearly in the figures (9.1 - 9.6) since the viscosity time constants are 
small in the slug and in the rod compared to the large values of viscosity 
time constants in the slug and in the rod shown in figures (9.9) and (9.12) 
respectively. For viscosity time constants 'TJ = 20, J.L = 10, fj = 500, Tt = 100, 
shown in figures (9.9 - 9.10) the discontinuities are apparent at time t = 0 
and at multiples of 2/W. The interface velocity jump at time t= 2/W is 
about-0.28 and the predicted jump in table (9.2) is -0.278 when z = 0.333 
(z' = 0.211) and when z = 2 (z' = 1.265), the interface velocity at time 
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2~ is about -0.48 and the predicted jump is -0.477. For the viscosity 
constants used in figure (9.12), the interface velocity junp at time t = 2~ 
and for z = 0.667 is about -0.44 and the predicted value is -0.45 and when 
z = 1.667 (z' = 1.318), the interface velocity jump at time t = 2~ is 
about -0.46 and the predicted is -0.488. The interface stress discontinuity 
at time t = 2~ when the viscosity time constants are'f/ = 500, J.L = 100, 
r; = 8000, P. = 1000 and z = 1.667 is about 0.85 in figure (9.13) whereas the 
predicted is 0.829 and when z = 1 (z' = 0.791) in ·figure (9.12), the interface 
stress discontinuity is about 1.35 and the predicted is 1.391. Moreover, when 
z = 0.333, the interface stress jump is about 2.75 and table (9.3) shows that 
the predicted interface stress jump is 2.795. This shows that the viscoelastic 
analysis predict the interface velocity and stress discontinuities reasonably 
well at time t = 2~. 
Equation (6.7) shows that the speed of the wave in the slug is J!i, so 
it will take the wave time t = 2~ to reach the interface after the impact. 
We note that for large viscosity time constants in the figures (9.9 - 9.13), 
when the stress becomes tensile for some ratios of acoustic impedances z', 
it will take non-dimensional time t = 2~ for the slug and the rod to part 
company. However for smaller values of viscosity time constants such as in 
figures (9.1 - 9.6), if the stress is to become tensile eventually it will take more 
than t = 2~ units of time for the slug and rod to part company. This result 
can be explained by the creep and stress relaxation in Appendix A. For small 
viscosity time constants such as 'f/ = 0.2, 'f/ = 0.5 and J.L = 0.1 (green curves) 
shown in figure (A.3), (A.4), (A.7) and (A.8) the material undergoes rapid 
creep and stress relaxation over a time scale which is short compared with 
the travel time of a wave in the slug. This means that the material effectively 
behaves like an elastic material with the long time elastic constant E. For 
large values of viscosity time constants such as 'f/ = 20, 'f/ = 50 and J.L = 10 
(blue curves) the strain and stress remain virtually constant over the time for 
the transit of the wave in the slug and the material behaves approximately 
like an elastic material with short time (instantaneous) elastic modulus EJ!i. 
Tables (9.4) and (9.5) show more results for the predicted time taken for 
the interface stress to become tensile and for the velocity to change its sign 
when both the slug and the rod are viscoelastic. 
Figures (9.1 - 9.15) show that when both z' < 1 and z ::; 1.025 the slug 
and the rod always part company as is shown in figures (9.3), (9.5); (9.7), 
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Figure 9.14: Stress and velocity of the slug for z = 0.9, 1) = 0.02, Jt = 0.01 
with increasing viscosity in the rod and decreasing z·. 
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Figure 9.15: Stress and velocity of the slug for z = 1.2, 'f/ = 0.02, J.t = 0.01 
with increasing viscosity in the rod and decreasing z' . 
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z TJ JL TJ JL T. Tv TJ JL TJ JL 
0.9 0.02 om 0.2 0.1 2.15 2.25 0.2 0.1 0.02 0.01 
1.0 2.17 2.50 
1.025 2.20 -
1.2 - -
0.9 0.2 0.1 2 1 2.3 2.8 0.05 om 0.5 0.1 
1.0 2.35 -
1.025 2.4 -
1.2 2.7 -
0.9 0.002 0.001 0.2 0.1 2.04 2.09 0.5 0.1 0.05 om 
1.0 2.045 2.20 
1.025 2.05 -
1.2 2.07 -
Table 9.4: T. = Time at which interface stress at X = 0 becomes' tensile. 
Tv= Time at which interface velocity at X = 0 changes from its sign positive 
to negative. 
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T. Tv 
2.85 2.90 
3.45 3.45 
3.65 3.65 
- -
2.16 2.55 
2.22 2.80 
2.25 -
- -
3.6 3.65 
4.10 4.10 
- -
- -
(9.9), (9.12), (9.14) and the first six graphs in figures (9.1), (9.2) and (9.4). 
Furthermore when both z' > 1 and z > 1.025 or z > z' > 1 or z* > z > 1 
the slug and the rod never part company as is shown in some of the graphs 
in figures (9.1), (9.2), (9.4), (9.6), (9.8), (9.10), (9.11), (9.13) and (9.15). 
The significant finding here is when z = z' = 1.025, figures (9.2) and (9.4) 
show that the interface stress becomes tensile whereas in the elastic impact, 
R.P. Menday [15] showed that the stress remains compressive for z > 1. 
From table (9.4) and (9.5), it is apparent that the interface stress be-
comes tensile first before the interface velocity changes its sign in all cases. 
From figures (9.1 - 9.15) and tables (9.4) and (9.5), we have shown that 
reducing the viscosity time constants in the slug or increasing the viscosity 
time constants in the rod will increase the interface stress and eventually 
will decrease the time for the stress to become tensile and for the velocity to 
change its sign when the second wave arrives. 
Table (9.5) shows that if we increase the viscosity time constants in the 
rod from ii = 20 and jl = 10 to ii = 200 and jl = 100 for TJ = 2, /-L = 1 
the interface stress becomes tensile when z = 0.9 (z' = 0.9) and z = 1.0 
(z' = 1.0) at time t = 2.60 and t = 2.95 respectively. Moreover, the interface 
velocity changes its sign at later time t = 2.85 and t = 3.50 for z = 0.9 
(z' = 0.9) and z = 1.0 (z' = 1.0) respectively whereas the interface velocity 
remain positive when ii = 20 and jl = 10 for z = 0.9 (z' = 0.9) and z = 1.0 
(z' = 1.0). Table (9.5) also shows that when the viscosity time constants 
are ii = 0.02, jl = 0.01, TJ = 0.7, /-L = 0.3 and z' = 1.11, the interface stress 
becomes tensile at time t = 2.12 whereas in the case of the elastic impact 
the interface stress is compressive for z > 1 [15]. The results show that in 
the viscoelastic impact the time for the interface stress to become tensile 
varies with respect to the viscosity time constants in the slug and in the 
rod which determine the effective ratios of acoustic impedances z·. Another 
significant finding is the interface stress and interface velocity behave like 
an elastic material with short time (instantaneous) elastic modulus El! 
when we have large values of viscosity time constants in the slug. Once the 
interface stress becomes positive (tensile), then the solution is no longer valid 
and the T. and Tv are meaningless. Then it is necessary for us to introduce 
new waves moving away from the interface in order to keep the stress zero. 
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z Tf /l. ij /l. z· TB Tv 
0.9 2 1 20 10 0.9 2.60 
-
1.0 1.0 2.90 -
1.025 1.025 - -
1.2 1.2 - -
0.9 2 1 200 100 0.9 2.60 2.85 
1.0 1.0 2.95 3.50 
1.025 1.025 - -
1.2 1.2 - -
0.9 5 2 200 100 1.01 - -
1.0 1.12 - -
1.025 1.15 - -
1.2 1.34 - -
0.9 0.05 0.02 0.3 0.1 0.83 2.21 2.45 
1.0 0.91 2.25 2.85 
1.025 0.94 2.40 -
1.2 1.10 - -
0.9 0.02 0.01 0.7 0.3 0.83 2.08 2.30 
1.0 0.93 2.09 2.55 
1.025 0.95 2.10 -
1.2 1.11 2.12 -
Table 9.5: TB = Time at which interface stress at X = 0 becomes tensile. 
Tv= Time at which interface velocity at X = 0 changes its sign from positive 
to negative. 
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Chapter 10 
Conel us ions 
In this thesis, we have considered two separate problems which are the trans-
mission of waves through a slug and the impact of a moving slug on a sta-
tionary rod. In the first problem, the objective is to relate the transmitted 
signal to the material parameters of the slug and in the second problem we 
want to determine whether the slug and the rod part company or remain 
in contact after the impact. The derivation of the wave propagation for the 
viscoelastic material model of the first problem in chapter 2 hinges on several 
assumptions, which are 
• The constitutive equation (2.8) derived from the standard linear solid 
model. 
• The velocity discontinuity V initiated in the first semi-infinite elastic 
rod. 
• One-dimensional wave propagation 
With the assumptions above, we derived a simple model of wave propagation 
in the viscoelastic material. In chapter 3 we employed three techniques, 
• Discontinuity Analysis 
• Limit Theorem 
• Perturbation Method 
to determine the velocity discontinuity at any point X, 0 ~ X ~ 1 on the 
slug and how the discontinuity changes as it moves in the slug. Moreover 
we det"ermine the initial interface velocity discontinuity at non-dimensional 
time t = If at the second interface, X = 1 and the interface velocity jump 
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when the wave reaches the second interface at X = 1 for the second time 
at non-dimensional time t = 3 If. We also showed that the speed of the 
discontinuity in our non-dimensional system, ±~/¥. (dimensional disconti-
nuity speed,/fj) agreed with Morrison [11]. The results in chapter 3 agree 
reasonably well with the simulation results in chapter 4 for several effective 
ratios of acoustic impedances z* and varying viscosity time constants. We 
found excellent comparison between the analytical results and the simulation 
results produced in chapter 4. In chapter 4, we found that the initial interface 
velocity discontinuity at X = 1 increased with increasing z* until the effective 
ratio of acoustic impedances z* approached one and this result agreed very 
well with the analytical work shown in chapter 3. As the effective ratio of 
acoustic impedances z* approaches one, there are no more subsequent jumps 
and the particle velocity remains virtually constant after the first discontinu-
ity, which agrees with the analytical finding. The subsequent jumps appear 
again when the effective ratio of acoustic impedances z* > 1. The behaviour 
of the particle velocity between two consecutive jumps may be explained by 
the creep test in Appendix A. When the viscosity time constants are small 
such as iJ = 0.2, iJ = 0.5 and p. = 0.1, the initial jump produced at X = 0 
decays rapidly arriving at X = 1 with much reduced amplitude. Thereafter 
the particle velocity at X = 1 increases quasi-statically to the value 1 as 
t increases. The material then behaves like the long time elastic material 
described in Appendix A. However, when the viscosity time constants are 
large such as iJ = 20, iJ = 50 and p. = 10 the initial jump at X = 0 remains 
virtually constant as it propagates. The creep tests shown in figures (A.3) 
and (A.4) show the extension response increases rapidly toward the long time 
elastic material when the viscosity time constants are iJ = 0.2, iJ = 0.5 and 
p. = 0.1 and t~ extension response is virtually constant. like the short time 
elastic material when the viscosity time constants are iJ = 20, iJ = 50 and 
p. = 10. Finally, in chapter 3, the viscoelastic discontinuity and limit theorem 
techniques approximate the initial interface velocity discontinuities and the 
interface discontinuities at time t = If and t = 31f respectively in the 
simulations (chapter 4) very well. 
In the second part of the thesis in chapter 5, we derived the model for 
the impact problem making the following assumptions 
• The constitutive equation (2.8) is derived from the standard linear solid 
model. 
• The speed of the slug is V 
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• One-dimensional wave propagation behaviour 
With the assumptions above, we derived a simple model of the impact 
problem for elastic and viscoelastic materials. In chapter 6 we employed 
three techniques, which are 
• Discontinuity Analysis 
• Regular Perturbation Method 
• Multiple Scales Perturbation Method 
to determine the initial velocity and initial stress discontinuities when the 
impact occurs. In the discontinuity analysis, we used the analysis to deter-
mine the interface velocity and interface stress jumps when the wave reaches 
the interface after rebounding from the free end of the slug in general form 
for the three cases when the slug is elastic and rod is viscoelastic, slug is 
viscoelastic and rod is elastic and when both materials are viscoelastic. We 
showed how the discontinuity varies with time when the slug is viscoelastic. 
In the regular and multiple scales perturbation methods, we considered the 
case when the slug is viscoelastic and the rod is elastic. In the multiple scale 
perturbation method, we show that the results for the particle velocity agree 
well with the results in chapter 8 for 0 ::; t < 2/[ when the viscosity time 
constants are TJ = 20, TJ = 50 and J.t = 10 and TJ = 2, TJ = 5 and J.t = l. 
This also agrees with the extension response in the creep test in Appendix 
A where the extension response is virtually constant when the viscosity time 
constants are TJ = 20, TJ = 50 and J.t = 10. 
In chapter 7, we examined the impact of an elastic slug on a semi-infinite 
viscoelastic rod. After the impact, the stress wave propagates in the slug 
without change in amplitude, is reflected at the free end and propagates. 
toward the interface. Since the slug is elastic, the results in this impact are 
due to the response in the viscoelastic rod. We show that the value of initial 
interface stress and initial interface velocity discontinuities increase as the 
effective ratio of acoustic impedances z* increases. The results in chapter 7 
show that the values of initial interface stress and velocity are between the 
initial interface stress and velocity based on the short time ratio of acoustic 
impedances z' and initial interface stress and velocity based on the long time 
ratio of acoustic impedances z, respectively. As the viscosity time constants 
increase, the actual initial interface stress and the actual initial interface 
velocity move closer to the initial interface stress and velocity based on the 
short time ratio of acoustic impedances zo. Moreover, as the viscosity time 
constants increase in the rod, the value of the interface stress at time t = 2 
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increases as shown in figures (7.4 - 7.11). In this case, the slug and rod part 
company when z' < 1 and z < 1 and remain in contact when z' > 1 and 
z > 1 for all values of viscosity time constants ij, p, in the rod. For z· < 1 
and z > 1, the slug and rod part company when the viscosity constants 
are large such as ij -:- 2, ij = 5 and p, = 1; ij = 20, ij = 50 and p, = 10 
and remain in contact when the viscosity time constants are small such as 
ij = 0.02, ij = 0.05 and p, = 0.01; ij = 0.2 and p, = 0.1. Furthermore, 
figure (7.5) shows beautiful graphs of the interface stress decreasing rapidly 
after t = 2 when the viscosity time constants are ij = 0.05, P, = 0.01 and 
ij = 0.5, P, = 0.1. However the interface stress decreases linearly when the 
viscosity time constants are ij = 5, P, = 1 and remain virtually constant 
when ij = 50, P, = 10. These results can be explained by the stress relaxation 
test in Appendix A where the stress response graph decreases rapidly in 
figure (A.8) when the viscosity time constants are ij = 0.05, P, = 0.01 and 
the stress response curve remains constant when the viscosity time constants 
are ij = 50, P, = 10. In this chapter also we show that as the effective ratio 
of acoustic impedances z· increases, the interface stress decreases as shown 
in figures (7.4) and (7.8) at t = 2. 
In chapter 8, we investigated the impact of a viscoelastic slug on a semi-
infinite elastic rod. After the impact, the reflected stress wave in the slug 
travels with different speed based on the viscosity time constants 7], Jt in 
the slug. Moreover, the amplitude of the stress wave undergoes exponential 
decay as time increases. These properties of the stress wave will determine 
the behaviour of the stress wave at the interface after the impact. We found 
that the interface stress at non-dimensional time t = 2 jii is decreasing as 
the viscosity time constants increase in the slug as shown in figures (8.1- 8.6). 
However in chapter 7, the interface stress is increasing at time t = 2 when 
we increase the viscosity time constants in the rod. In chapter .8 also, we 
have shown that the slug and rod part company when both z· < 1 and z < 1 
and remain in contact when both z· > 1 and z > 1 for all values of viscosity 
time constants. Moreover in chapter 8, for z· > 1 and z ::; 1, the slug and 
rod remain in contact when the viscosity constants are large such as ij = 2, 
ij = 5 and il = 1; ij = 20, ij = 50 and il = 10 and part company when the 
viscosity time constants are small such as ij = 0.02, ij = 0.05 and p, = 0.01; 
ij = 0.2 and p, = 0.1. From chapter 7 and 8, it is shown clearly that when the 
viscosity time constants are large the effective ratio of acoustic impedances 
is closer to z· which is the short time ratio of acoustic impedances whereas 
when the viscosity time constants are small, the effective ratio of acoustic 
impedances is closer to the long time ratio of acoustic impedances. 
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Furthermore as we increase the effective ratio of acoustic impedances z', 
the time taken for the stress to become tensile also increases .. Figure (8.2) 
shows that there is an increase in the stress and a big drop in the velocity 
for 0 ~ t ~ 0.1 when the viscosity time constants are TJ = 0.05, J.L = 0.01 
and the interface stress and velocity curves are virtually constant when the 
viscosity time constants are TJ = 50, J.L = 10. This result can be explained 
by the creep test in the Appendix A; when the viscosity time constants are 
TJ = 0.05, J.L = 0.01 in figure (A.4), the figure shows that the extension 
response increase rapidly for 0 ~ t ~ 0.1 (green curve) whereas the extension 
response curve is virtually constants when the viscosity time constants are 
TJ = 50, J.L = 10 (blue curve). The relaxation test shown by figure (A.8) 
can also be used to explain the result; when the viscosity time constants are 
TJ = 0.05, J.L = 0.01, the stress response drops-rapidly for 0 ~ t ::::: 0.1 and 
the stress curve is virtually constant when the viscosity time constants are 
TJ = 5000, J.L = 1000. Another significant result is that the time taken for the 
interface velocity to change its sign from positive to negative is the same as 
the time taken for the interface stress to become tensile whereas in chapters 
7 and 9, the time taken for the interface velocity to change its sign from 
positive to negative is bigger than the time taken for the interface stress to 
become tensile. 
Chapter 9 was more complicated and interesting because we examined 
the impact of a viscoelastic slug and a semi-infinite viscoelastic rod where 
both materials affect the results. After the impact, the reflected stress wave 
in the slug travels with different speed and the amplitude of the stress wave 
undergoes exponential decay which is a function of TJ, J.L and t. Moreover, 
the stress wave travelling in the slug not only depends on the viscosity time 
constants of the slug, TJ, J.L but the viscosity time constants in the semi-
infinite rod, tj and [t. Furthermore, the effective ratio of acoustic impedances 
z' is a function of all viscosity time constants TJ, J.L, tj and [t. In chapter 
7, when we increase the viscosity time constants in the rod, the interface 
stress is increasing at time t = 2. However in chapter 8, when we increase 
the viscosity time constants in the slug, the interface stress is decreasing at 
non-dimensional time t = 2j'i and prolongs the time taken for the interface 
stress to become tensile. When the viscosity time constants in the slug are 
TJ = 0.02, J.L = 0.01, figure (9.14) shows that as we increase the viscosity 
time constants in the rod, the interface stress at time t = 2 j'i increases and 
shortens the time taken for the stress to become tensile. At the same time 
when we increase the viscosity time constants in the rod, we also reduce the 
value of the effective ratio of acoustic impedances z' which make the interface 
stress become tensile faster. In figures (9.14) and (9.15), the slug and rod part 
201 
company at time t > 2ft when z· < 1. When the viscosity time constants 
are large such as 71 = 20, J-L = 10, fi = 500, [t = 100 as shown in figure (9.9), 
the slug and rod part company for z· < 1 at t = 2ft whereas the slug and 
rod remain in contact for z· > 1 as shown in figure (9.10). We also found 
that the time taken for the interface stress to become tensile varies with the 
viscosity time constants in the slug and in the rod which determines the 
effective ratios of acoustic impedances z·. The values of the initial interface 
stress and velocity are between the initial interface stress and velocity based 
on the short time ratio of acoustic impedances z· and the initial interface 
stress and velocity based on the long time ratio of acoustic impedances z, 
respectively. 
In chapter 7 and 8, we show that when both z· < 1 and z < 1, the slug 
and the rod always part company and when both z· > 1 and z > 1, the slug 
and the rod never part company. In chapter 7, when z· < 1 and z > 1, the 
slug and the rod part company when the viscosity time constants are large 
and they remain in contact when the viscosity time constants are small. On 
the other hand, in chapter 8 when z· > 1 and z ~ 1, the slug and the rod 
part company when the viscosity time constants are small and remain in 
contact when the viscosity time constants are large. Here we can conclude 
that as the viscosity time constants get larger, the nearer the effective ratio 
of acoustic impedances is to the z· which is the short time ratio of acoustic 
impedances. On the other hand, when the viscosity time constants are small, 
the effective ratio of acoustic impedances is closer to the long time ratio of 
acoustic impedances. In chapter 9, we found that when both z· > 1 and 
z > 1.025 or z > z· > 1 or z· > z > 1 the slug and the rod never part 
company. Moreover, when both z· < 1 and z ~ 1.025 the slug and the 
rod always part company for all viscosity time constants 71, J-L, fi and [t. The 
interesting finding in chapter 9 is when z = z· = 1.025, figures (9.2) and.(9.4) . 
show that the interface stress becomes tensile whereas in the elastic impact, 
R.P. Menday [15] show that the stress is still compressive for z > 1. 
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Appendix A: Viscoelastic 
Model 
P l' 
.. t 
F, P, 
1J2. t, l' 
" 
-.J., 
F, 
F, 
P 
Figure 
X=XL +X2 
dXl IdF F = klXl => - = --dt kl dt 
F=Fl +F2 
dX2 F = k2X 2 + 1]2 Tt 
dX dXl dX2 
dt = Tt+Tt 
F = k2(X - Xl) +1]2 (dX _ dXl ) 
. dt dt 
, 
F = k2 (X _ F) + 1J2 dX ~ 1]2 (~ dF) 
. . ki dt kl dt 
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Let 
1/2 1/ = 1/2, E = kJk2 
J.L = kJ + k2' k2 kJ + k2 
=? 1/ > J.L 
=?U+J.L~; =E[H1/~;] 
A.I Creep test 
Applying the creep test [2J to the standard linear solid model, the equa-
tion (2.8) gives 
(A.l) 
where uoH(t) is the constant force applied to the model. If the viscosity ratio 
is ~ = 2, then the equation (A.l) becomes 
.. 
Uo [ 1 t] ~(t) = E 1 - 2e-~ H(t) (A.2) 
which is the graph depicted in figure (A.l) When the viscosity ratio ~ = 5, 
equation (A.l) becomes 
~(t) = ~ [1- ~e-~] H(t) (A.3) 
and the creep test's result is depicted in figure (A.2) Figures (A.l) and (A.2) 
show that all the strain graphs increase and asymptotically approach uo. As 
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50 7Q 
t 
Figure A.l: Extension response for the creep test for viscosity ratio ~ = 2 
1 .• 
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Q .• 
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100 
Figure A.2: Extension response for the creep test for viscosity ratio ~ = 5 
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Figure A.3: Extension response for the creep test for viscosity ratio II = 2, 
ao = 1 and 0 ::; t ::; 4 
t .• 
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0.' 
0.' 
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o t • • t 
Figure AA: Extension response for the creep test for viscosity ratio ~ = 5, 
" ao = 1 and 0 ::; t ::; 4 
the viscosity parameters decrease, the more rapidly the material approaches 
its long time response. Typical creep functions are functions which increase 
with time but with decreasing slope [1]. In order to make analytical relation 
between the creep test and the results, we let ao = 1 in equations (A.2) 
and (A.3) and t runs from 0 to 4. Two new creep tests are shown in fig-
ures (A.3) and (AA) for 0 ::; t ::; 4. Using the figures (A.3) and (AA), we 
can make better explanation on the relation between the creep tests and the 
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st~~: 1 
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Figure A.5: Stress response for the relaxation test for viscosity ratio !l = 2 
I' 
results of the simulations because the simulations are run for 0 ~ t ~ 4 
A.2 Relaxation 
In order to interpret the effect of different time constants, fL and 17 we apply 
the relaxation test [2J to the standard linear solid model, then the equa-
tion (2.8) gives 
a(t) = &0 [1 + (~ - 1) e *] H(t) (A.4) 
where foH(t) is the constant strain applied to the model. If the viscosity 
ratio is * 2, then the equation (A.4) becomes 
(A.5) 
and the graph of the equation (A.5) is shown in figure (A.5). Whilst for the 
visco ity ratio is ~ = 5, the equation (AA) becomes 
a(t) - &0 [1 + le *] H(t) (A.6) 
and the relaxation test's result is shown in figure (A.6). Figures (A.5) 
and (A.6) show that all the stress graphs decrease and asymptotically ap-
proach fO. As the viscosity parameters increase, the less steep is the stress 
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If-0.5, jr-O.1 
2 
if- 5O,jr -10 
E • • ~L..:... ______ -===::::::=== ____ _ 
o 10 50 70 
Figure A.6: Stress response for the relaxation test for viscosity ratio ~ = 5 
curve. The derivatives of equations (A.5) and (A.6) show that the stress 
curves for the viscosity ratio ~ = 5 are steeper than the stress curves for the 
viscosity ratio ~ = 2. 
I' 
In order to relate the relaxation tests to the simulation results, we let 
fO = 1 and 0 ~ t ~ 4. The relaxation tests for viscosity ratio ~ = 2 and 
~ = 5 are shown in figures (A.7) and (A.S) 
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Appendix B: Complex 
Integration 
f estf(s)ds = f ds+ f ds+ f ds+ f ds+j ds+l ds+l ds f . ds+ f ds lr lBCD lDE lEF lFG GH HJ JK lKL lLMA 
(a) For BeD and LMA 
Let s = Rei8 = R [cos(O) + isin(O)], then : = iRei8 
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As R-> 00, 
=> r ds=O 
lEeD 
12,,-00 4z ----~~~~~~-----------------------------------
" 
As R -> 00, 
(b) For DE and KL 
Along DE, the value of 
since 
( 
=>1 ds=O 
LMA 
1+"28 is ";ven by l+ap.s b£ 
11 + aijs 1 = i 
1 + aILs 
l+aijs<O 
1 + ails 
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for -R < S < -~ - E. We write, 
01' 
Then along DE, 
,1 + ai]s, = 
1+aps ( 
1 + ai]s) ( ) 
- ="(S 
1 + aJ.Ls 
and along K L, the value of l+"1?S is given by l+oJjs ' 
-"i ,1 + ai]s, . ,1 + ai]s, = _; (s) 
e 2 1 + aJ.Ls = -2 1 + aJ.Ls ."( 
So the integral along DE and K L is 
(B.3) 
(BA) 
(B.5) 
1 1 l-a~-< i"((s)es(.,'(,)+l-X)est ~+ ~=~ ~. ~ DE KL -R S2 [e"(') (i"((s) + z)2 - (i"((s) - z)2] 
217 
... 
=0 
(c) For GH 
~e'(~+1-X) est 
4z 1 [20' 1+oils 2 2] ds 
CH S2 e v'Mw. ( 1+o2s + z) _ ( 1+<ri!s - z) 
1 +OJ.LS 1 +01'8 
= 4zj" 
-1r 
where 
f(a,8,fj,jl,z) = e 
As 8 --+ 0, 
(d) Fo~ EF and JK 
=> r ds=O 
JCH 
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(B.7) 
4z 1 [20' Hails ) 2] ds 
EF S2 dlt~3: ( ~!OZ: + z r -( ~!OZ: - z 
~es( ~+l-X) est 
Hails ds 
~_Z)2] 
l+ojls [ 
20' evlt~3: ( H<rl!s + z) 2 _ ( 
1+01'8 
where 
g(o<, e, ij, [t, z) = e 
As e ---+ 0, 
:} 1 ds=O 
EF 
Then along J K, we have 
~es( ~+l-X ) est 
(1~~ ~ 
iJK [_'**( ~+Z)2_( ~_Z)2] 8 2 e v np.& 1 +ojls 1 +o:jls 4z 
~eS(V**+l-X) est 
Hails ds 
~_z)2] 
1+01-'8 
I+<rl!s + z) 2 _ ( 
1+01'8 
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we use the, same substitution as EF to obtain 
As € --> 0, 
=> { ds=O iJK 
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Appendix C: Wave Propagation 
in First Problem for Elastic 
Slug 
We consider the same problem as in chapter 2 but with elastic slug. 
to; 
Ep Ep 
8., ~ 
i =0.1,2, ..... . 
Figure C.l: Detail of the wave movements of the elastic rods and the elastic 
slug. E* = p(!2 where c and p are the wave speed and density in the slug, 
respectively. 
o (0 x) (0 x) (0 X) u = V t - -;; H t - -;; + 9uo t + -;; (C.l) 
where u and 9uo are total displacement and backward propagating wave in 
the first rod, respectively. Non-dimensionalize (C.l) and obtain 
u = (t -~) H (t - ~) + 9uo (t + ~) (C.2) 
o (0 X) (0 x) v = fva t - c + 9va t + c (C.3) 
where v is the displacement in the elastic slug, and fva and 9vo are forward 
and backward propagating wave in the slug, respectively. Non-dimensionalize 
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(C.3) and obtain 
(C.4) 
A portion of the wave is reflected into the first rod and another portion is 
transmitted into the slug. At X = 0, the velocity in the first rod is equal to 
the velocity in the slug. 
du 
dt 
1 + g~o(t) -
dv 
dt 
f~o(t) (C.5) 
where g.o (t +~) = 0 since there is no backward propagating wave in the 
slug. At X = 0, the stress in the first rod is equal to the stress in the slug, 
which gives 
where 
E (-~ + ~g~o(t)) = -!ff~o(t) 
~:(-l+g~o(t)) =-f~o(t) pc 
z* (-1 + g~o(t)) = -f~(t) 
• pc 
z=--:: pc 
Substitute equation (C.6) into (C. 7) to obtain 
z* -1 
I (t) - --:---7 g"o - z* + 1 
Then substituting (C.8) into (C.6) gives 
At X = 1 and t = ~, 
and 
(C.6) 
(C.7) 
(C.8) 
(C.9) 
(C.1O) 
(C.ll) 
where w is the displacement in the second rod. When the first wave reaches 
the second interface at X = 1, a portion of the wave is reflected into the slug 
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and another portion is transmitted into the second rod. At X = 1 and t = ~, 
c 
the velocity and the stress in the slug are equal to the velocity and the stress 
in the second rod, which gives 
!~(t) + g~o = !:oo 
and 
E*( I() I) El c -!vot+gvo=--;!wo 
respectively. Simplifying (C.13) gives 
-!;o(t) + g~ = -z* !~o 
Substituting (C.12) into (C.14) and simplifying gives 
I 2z*(1 - z*) 
gvo(t) = (1 + Z*)2 
Substitute (C.15) into (C.12) to obtain 
4z* !~o(t) = (1 + z* )2 
(C.12) 
(C.13) 
(C.14) 
(C.15) 
(C.16) 
which shows that !~o :s; 1 for any value of z*. Equations (C.S) and (C.9) 
show that when a wave travelling in material Ep meets the interface with 
E* p material depicted in figure (C.2), a fraction 
Figure C.2: Wave travelling from Ep material into.E*p material. 
is reflected back and a fraction, 
z* -1 
z* + 1 
2z* 
z* + 1 
(C.17) 
(C.1S) 
is transmitted forward. It follows i=ediately that when a wave travelling 
in E*p material meets material Ep as shown in figure (C.3) , a fraction 
.1.-ll-z* z· __ _ 
.1.+1 -l+z* 
z· 
(C.19) 
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~I 
Figure C.3: Wave travelling from E*p material into Ep material. 
is reflected back and a fraction 
~ 
z· 2 (C.20) -
..!.+11+z* z· 
is transmitted forward. Then the reflected wave g.o in the slug travels towards 
the first interface X = 0 and becomes the incoming wave which gives 
I 
gul = 
2 (2Z*(1 - z*)) 
1 + z* (1 + z*V 
4z*(1 - z*) 
(1 + z*)3 (C.21) 
which is the transmitted wave in the first rod and 
1 - z* (2Z*(1 - z*)) 
1+z* (1+Z*)2 
2z*(1 - Z*)2 
(1 + z*)3 (C.22) 
which is the reflected wave in the slug at X = 0 and t = ~. Then the 
reflected wave Ivl travels towards the second interface X = 1 and becomes 
the incoming wave at X = 1 and t = ~. Using (C.19) and (C.20), we obtain 
2 (2Z*(1 - Z*)2) 
1 +z* (1 +Z*)3 
4z*(1 - Z*)2 
(1 +Z*)4 (C.23) 
which is the transmitted wave into the second rod and 
I 
gvl = 
1 - z* (2Z*(1 - Z*)2) 
1 + z* (1+ z*)3 
2z*(1 - Z*)3 
(1 + Z*)4 (C.24) 
which is the reflected wave at X = 1 and t = ~. Then g.1 will become the 
incoming wave travelling toward the first interface X = O. When the wave 
. 
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g.1 reaches the first interface at time t = ~, using (C.19) and (C.20), we 
obtain 
2 (2Z*(1 - Z*)3) 
1 + z* (1 + Z*)4 
4z*(1 - Z*)3 
(1 + Z*)5 (C.25) 
which is the transmitted wave in the first rod and 
1 - z* (2Z*(1 - Z*)3) 
l+z* (l+z*)4 
2z*(1 - Z*)4 
(1 + z*)5 (C.26) 
which is the reflected wave in the slug at X = 0 and t = ~. Then we have 
a new incoming wave f~2 travelling toward the second interface at X = 1. 
When t = ~, the incoming wave arrives at X = 1 and using (C.19) and (C.20), 
we obtain 
2 (2Z*(1 - z*)4) 
1 + z* (1 + z*)5 
4z*(1 - z*)4 
(l+z*)6 
which is the transmitted wave into the second rod and 
I g.2 = 
1 - z* (2Z*(1 - Z*)4) 
l+z* (l+z*)5 
2z*(1 - z*)5 
(1 + Z*)6 
(C.27) 
(C.28) 
which is the reflected wave at X = 1 and t = ~. From the analytical work 
that we have done, multiple waves reflections and transmissions occur at 
both interfaces X = 0 and X = 1. From these multiple reflections and 
transmissions, we can form a table which displays the reflected waves and 
transmitted waves at both ends of the slug as shown in table (C.l) 
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i I gui f~i g:n f:'i 
0 z·-1 2.' 2."(1 .' ) 4.' z*+1 %*+1 (1+.,}2 .ji+.;Y2 
1 4z·p z·~ 2z*(1 .')< 2.'(1 .')' 4.'(1 .')< (l+z· ;): l+z. )3 (1+.' )4 (l+z. :r 
2 4.'(1 .'t 2."(1 .')4 2z*{1 z*) 4.'(1 ")' O+z. 5 l+z*)5 (1+.'\" O+Z. 6 
3 4z*(1 .' 2.'(1 z*) 2'"(1 z*) 4z'(1 .') (1+z' )7 {1+.,}7 l+z. )8 (1+z' )8 
4 4z·~1 z*) 2.'(1 .')" 2z"'!1 z')' 4z·~1 ")" {l+z· )g l+z. !i O+Z· 10 l+z· 10 
: 
n 
4z' (1_.,)',n-" 2z·p z*}:<:n 2.'{I_z,)\,n+" 4z'{1 Z*y.'.n 
(l+z*)(2n+l) (1+.'l(2n+1) (1+z*)(2n+2) (1+z*)(2n+2) 
: 
-
Table C.1: The velocities of the multiple wave reflections and transmissions 
at both ends of the elastic slug. 
226 
-------~-----
Appendix D: Derivation of z 
Effective 
Equations (A. I) and (A.4) show that as t -4 0 the stress strain relation is 
given by 
7J 
a= E-E 
/1 
whereas as t -4 00 the stress strain is 
(D.I) 
(D.2) 
Hence for short times the viscoelastic material behaves like an elastic material 
with modulus 
and speed 
E* = E!l 
/1 
(D.3) 
(D.4) 
whilst for long times the viscoelastic material behaves like an elastic material 
with modulus E and speed c = ~. Having defined the ratio 
pc 
Z=-pc (D.5) 
we can associate with the short time behaviour an effective ratio 
(D.6) 
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Appendix E: Calculation of 
Integrals 
r estf(s)ds = r ds+J ds+ r ds+ r ds+l ds+ r ds+ r ds r ds+J ds If' lBCD DE lEF lFC CH lHJ lJK lKL LMA 
(a) For BeD and LMA 
Let s = Re iO = R [cos(O) + i sin(O)], then ~~ = iRe iO 
As R -> 00, 
As R -> 00, 
(b) For DE and KL 
For DE 
=} r ds=O 
lBCD 
=} r ds = 0 
lLMA 
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1 
1-oil -vI + aT/sest -:;;-{,q:::;;=,=~-;--'---J:;==;=:=\ ds -R S2 (VI + ai'is + ZVI + aiLs) 
Let 1 + ails = .ue"i = -u => s = - u+l then ds = _--L 
" 0 11 ' du aTJ 
VI + aT/s = y'ue'ii = iy'u 
and the integral becomes 
For KL 
and the integral becomes 
So 
1 + r -0 DE iKL 
(c) ForEF and JK 
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1 -.)1 + a7Jsest ~,,~~~-~~==~ds EF S2 [.)1 + ar;s + z.)1 + aILs] 
_ 1-0'"+< -.)1 + ar;sest ds 
-..1,,-< S2 [.)1 + a7Js + z.)1 + aILsJ 0" 
As f -> 0, 
=? [ ds=O 
iEF 
Then along J K, we have 
_ 1-:'" -< -.)1 + a7Jsest ds 
-0"+< S2 [.)1 +ar;s +z.)1 + aILs] 
As f -> 0, 
(cl) For GH 
=? [ ds=O iJK 
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As 8 --> 0, 
(e) For FG and HJ 
=:> r ds=O iaH 
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Appendix F: Calculation of 
residues 
R ( stG- () ) _ d ['1'1 +ar;s ('1'1 +aTJs-zv'l + aILs) est] ese IS,O-- 2 
ds ( '1'1 + aTJs + zv'l + aJts) 
= ar;{I- z) + a{r; - Jtz) + t{1 - z) _ ~a.;.c{r;,-+,-IL,--Z..!..)~{I;;--_z-"-) 
2{1 + z)2 2{1 + z)2 {I + z)2 {I + z)3 
R ( stG- () )_ d [ v'l+ar;s(v'l+aTJS-zv'l+aILs)2est] ese 2S,0 -- 3 
ds ('1'1 + aTJs + zv'l + aILs) 
ar;(1 - Z)2 a(r; - Jtz)(l - z) t{1 - z)2 3a(r; + Jtz)(l - Z)2 
2{1 + Z)3 - {I + Z)3 - (1 + Z)3 + 2(1 + z)4 
( st- ()) d ['1'1 +aTJs ('1'1 +aTJs-zv'l + aILs) 
3 
est] Res e G3 s ,0 = - 4 
ds ( '1'1 + aTJs + zv'I + aILs) 
ar;{1 - Z)3 3a(r; - Jtz)(1 - Z)2 t(1 - Z)3 2a(r; + Jtz){l - Z)3 
= 2{I+z)4 + 2(I+z)4 + (l+z)4 - (l+z)5 
and, in general, 
Res(estCN(s),O) =!:.... [{_I)N+I '1'1 +aTJs ('1'1 +ar;s - zv'l +~~)N est] 
ds ('1'1 + aTJs + zv'l + aILs) 
_ ( )N+I ar;(1 - z)N { )N+I Na{r; - Jtz)(1 - z)N-I 
- -1 2{1 + Z)N+I + -1 2(1 + z)N+I + 
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(_I)N+l t(l- Z)N _ (_I)N+! (N + l)a(ii + jiz)(I- Z)N (1 + z)N+! . 2(1 + z)N+2 
Note that there exists only one one pole at S = 0 for the function below 
VI + aT)s 
S2 [VI + aiis + zV1 + ajis 1 
Although VI + aiis + zv1 + aJl-s appears to be zero at s = t ! 2)' 
0: TJ-J.LZ 
s = / ! 2) is not a pole because when we substitute s in 
0: 1-'-'1% 
.Jl + aT)s + z.Jl + aJl-s = 0, 
. ",. 
and take the correct signs into account we see that 
J ii-ji J ii-ji Izl ii _ jiz2 f -z ii _ jiz2 
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Appendix G: Calculation of 
integrals 
r~ cos2 (O) J~ (1 + ')'sin(O)(1 + 8 sin(IJ))2 dIJ 
2 
_ r'i ( <; _ (~+~) <;(~-1)+~+1)dO (G.1) J'j 1+,),sin(O) 1+8sin(O) + (1+8sin(O))2 
where 
Consider 
-'!; 1 ( dO J~ 1 + ')'sin(O) 
2 
Let 
t=tan-= 2 ( IJ) sin (!!.) 2 cosm 
=> (D = tan-1(t) 
where = <!!. < 1!: 2 2 2 dO 2 
dt 1 + t 2 
Hence, 
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1f 
Consider, 
Using the same techniques, 
So, 
2 ( _ "10 "I "I "10 dO -" ( (..!.. + ~) ( (~ - 1) + ..!.. + 1) h 1 + ")'sin(O) 1+8sin(O) + (1+8sin(O))2 
= (8 ~")')2 [Vl- ")'2 + ~; = ~2] 
1f(b + a)2(b + az2) 
- 4(ab)~ (z + 1)2 
Then since VI - "12 = -2v'Obz 
I b+az2 
2
11 estf(s)ds 
1ft I' 
_ (1) 4VUb(b - a)iz [1f(b + a)2(b + az2)] 
21fi (b + a)2(b + az2) 4(ab)~(z + 1)2 
Qz(fj - p,) 
2(1 + Z)2 
235 
Appendix H: Proof of sin <p > 21 
on 0 < <p < '2 
Let 
then, 
and let 
then, 
So, 
on 0 ::s: </> ::s: ~ 
!(</» = sin</> 
</> 
9 ( </» = </> cos </> - sin </> 
g' (</» = -</> sin </> 
g'(</» < 0 
g(</» is decreasing on 0 ::s: </> ::s: ~. Since g(O) = 0, then 
g( </» ::s: 0 
onO ::s: </> ::s: ~ 
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------------------------------------------------
!'(</» < 0 
for 0 ::; </> ::; ~ 
f (</» is decreasing. We know that 
lim sin </> = 1 
q,~O </> 
~<sin</><l 
11"- </> -
as f ( </» is decreasing and finally, 
on 0 ::; </>::; ~. 
. 2</> Sill</> 2: --
11" 
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Appendix I: Elastic Impact 
In order to interpret the results for the stress and velocity waves in the 
viscoelastic impact, we consider the impact of elastic slug and elastic rod. 
The displacement in the elastic slug is given by 
U = f(t - X) + g(t + X) (U) 
f(t - X) represents a wave travelling toward the interface and g(t + X) is 
the reflected wave. The displacement in the elastic rod is 
u = J(t- aX) + g(t+ aX) (1.2) 
where J(t - aX) and g(t + aX) represent forward and backward travelling 
waves respectively. After the pulse is reflected at X = -1 and moving toward 
the interface, the continuity of velocity at the interface gives the equation 
8u 8u 
-=a-&t &t (1.3) 
and the continuity of stress at the interface yields 
8u 8u 
z8X =a8X (1.4) 
. Assuming the rod is of infinite length so that g(t + aX) = 0, equation (1.3) 
gives 
f'(t) + g'(t) = a]'(t) (1.5) 
Continuity of stress at the interface is given by (1.6) after substituting (U) 
and (1.2) into (1.4) 
z (- f'(t) + g'(t)) = -a]'(t) (1.6) 
Eliminating]' from (1.5) and (1.6) gives an expression for the reflected wave 
g'(t) = G: ~) f'(t) (1. 7) 
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From (1.5), we obtain the total velocities at the interface 
f'(t) = (~) f'(t) 1+z (1.8) 
Using equation (1.8), we can predict the magnitude of the discontinuity 
in the velocity at the interface after the wave propagates backward in the 
slug after the impact and rebounds at X = -1 then propagates forward to 
the interface. For the total stress discontinuities at the interface, because 
of the scaling, we numerically compute - f'(t) + g'(t) as the total stress 
discontinuities in (1.6). This gives us 
- f'(t) + g'(t) = - c: z) f'(t) (1.9) 
as the total stress discontinuities at the interface. 
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